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Preface

This book covers the class of Banach algebras that arise naturally out of the
cohomology theory for Banach algebras, the algebraic version of which was de-
veloped by G. Hochschild [67].

In [60], we realize that the systematic study of the notion of amenability has
its origin in the beginning of modern measure theory in the earlier part of the
twentieth century. Hausdorff [44] posed the following question: Does there exist
a finitely additive set function which is invariant under certain group action?
With the help of his paradox, Hausdorff was able to answer this question in the
negative. Further investigations into this question led Banach and Tarski in [4]
to the paradox that now carries the name Banach-Tarski paradox.

The Banach-Tarski paradox is a mathematical theorem which imply the fol-
lowing: ”An orange can be cut into finitely many pieces, and these can be
reassembled to yield two oranges of the same size as the original one”

This is an application of the Banach-Tarski paradox, whose strongest form is:
Let A and B be any two bounded sets in three-dimensional space with non-
empty interior. Then there is a partition of A into finitely many sets which can
be reassembled to yield B.

In [35], Ghahramani and Loy introduced generalized notions of amenability with
the hope that it will yield Banach algebra without bounded approximate iden-
tity which nontheless had a form of amenability. So far, however, all known

approximate amenable Banach algebras have bounded approximate identities.

vi



Chapter 1

TENSOR PRODUCTS

1.1 Introduction

In this section we study several types of tensor norm. We put a lot of emphasis
on Haagerup norm. We also consider the spatial norm, the maximal norm and

the cross norms.

1.2 Haagerup norm

The Haagerup norm is a very important operator space cross-norm. The mo-
tivation was the consideration of operators of the form ¢(a) = X, u;av; for
a € A where uy, ..., Up, V1, ..., v, are some fixed elements in A [24]. These op-
erators result from the action of X u; ® v; € A ® AP on A(where A°P is the

C*-algebra A with the reversed product). If A C B(H) then for &, € H where



ll€]l =1, |Inll = 1, the Cauchy-Schwarz inequality implies
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For the reverse inclusion, we may also allow infinite (countable) sequences of u;

and v; provided that Zz 1 wuf and Z *v; are norm convergent.
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Therefore, the natural definition following from these considerations is

n
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i=1

Jelln = inf

We show that Haagerup norm is actually a norm. To do this, we show that it
satisfies the properties of a norm.

(i) We note that ||¢]|;, = inf {|] Z?zl a; ® b;||} . So clearly, ||t||n > 0 and ||t]|, =0



if and only if t = 0.

(ii) We show that V a € K, |lat||s, = |a||t]|-
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Now,
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The upper bound therefore, is given by ||T]| < |37, a; ® b;|| in terms of the

Haagerup norm ||.||;, on B(H) ® B(H). The equality holds when the operators
a;af commute and b;b; commute.

In the next theorem we use the following notations. For n, £ € H we use n ® £*
for the rank one operator on H with (n ® £*)(0) = (0, ).

Theorem 1.2.1. For T € el(B(H)), Tz =Y, a;xb;, we have

n

Z(plai) ® (bip2)

i=1

T = sup
P1,p2

where p1,p2 € B(H) are rank one projections (p? =p; =p; (i =1,2)).

Proof. Let p1 = £ ® £* and p; = n @ n* be one dimensional projections (where

1, £ € H are unit vectors). We look at the operator

n

T, po () = Z(plai) ® (bip2),

=1

an operator with a one dimensional range. Specifically it is the operator

z = (Tx)n, §)§ @ n”

and thus a linear functional.

For this operator, (p1a;)(pia;)* are commuting and so are (b;p2)*(b;p2). Hence

n

> (prai) @ (bips)

i=1

||Tp17sz =

h



Alternatively, the norm of a linear functional is the same as its completely
bounded norm, hence || Ty, p,|| = |Tp, p»|lcv = the Haagerup tensor norm for T’
of the form T'=>"" | a; ® b;.

Clearly,

I

sup {[|Tz|| : = € B(H), |lz]| <1}
= sup{R((Tz)n. &) : x € B(H), ||z| <1, 7, &€ H, |l =0l =1}
= Sup {R<(TP17p2x)777£> HEURS B(H)v ||(EH <L,n €H, ”5” = ”77” = 1}

= sup ||Tp17sz~
pP1,P2

Since || Ty, p, || < [IT1]; then

n

Z(Ihai) ® (bip2)

i=1

7] = sup
P1,p2

O

Definition 1.2.2. Let A, B be normed linear spaces. The projective tensor

norm, p, is a norm on A ® B and
(i) p(p) > w(p), p € A® B, w is a weak tensor norm.
(ii) pla®@b) = [lall||b]], Va € Aand b e B.

Proof. See Bonsall [9] for proof. O

1.3 Tensor product of Hilbert Space Operators

We dedicate this section to showing that convergence of sequences of Hilbert
space operators is preserved by tensor product and the converse holds in case
of convergence to zero under the semigroup assumption. In particular, unlike

ordinary product of operators, weak convergence is preserved by tensor product.



It is also shown that a tensor product of operators is a unilateral shift if and
only if it coincides with a tensor product of a unilateral shift and an isometry.
These results lead to a decomposition of a tensor product of contractions into
an orthogonal direct sum of tensor products of class J; , strongly stable tensor
products, unilateral shift tensor products, and a unitary tensor product.

Let H and K be nonzero complex Hilbert spaces. We shall consider the concept
of tensor product space in terms of the single tensor product of vectors as
a conjugate bilinear functional on the Cartesian product of H and K. The
single tensor product of x € H and y € K is a conjugate bilinear functional
z®y : Hx K — C defined by (z®y)(u,v) = (z,u)(y,v) for every (u,v) € Hx K.
The collection of all (finite) sums of single tensors z; ®y; with z; € H and y; € K
denoted by H ® K, is a complex linear space equipped with an inner product
() (HRK)x(H®K) — C defined, for arbitrary X7, z; ®y; and X7 w; ® 2;

in H® K by
(Bio12 ® yi, DLy wi ® 23) = By B2 (@i, i) (Ys, 25)-

The tensor product on H ® K of two operators T' € B(H) and S € B(K) is the
operator T®S : HR K — H®K defined by (T®S5)X?  2;®y; = L1 T2;®@5y;
for every X' z; ® y; € H @ K which lies in B(H @ K).

The completion of the inner product space H @ K, denoted by HRK, is the
tensor product space of H and K. The extension of T'® S over the Hilbert
space H®K, denoted by T®S, is the tensor product of T and S on the tensor
product space, which lies in B(H QK ). For an expository paper containing the
essential properties of tensor products needed here. It is exhibited in Theorem
a decomposition of a tensor product contraction T®S into an orthogonal direct

sum of tensor products of class Jy, strongly stable tensor products, unilateral



shift tensor products, and a unitary tensor product. This is done after showing
in Theorem 1.3.1 that weak, strong and uniform convergences are preserved
by tensor product. The case of convergence to zero is considered in Theorem
1.3.3, and the converse is investigated under the semigroup assumption (i.e., for
power sequences). The above mentioned decomposition is also based on Lemma
1, which ensures that a tensor product is a unilateral shift if and only if it

coincides with a tensor product of a unilateral shift and an isometry.

1.3.1 Convergence of sequences of operators

A sequence {T,} of operators in B(H) converges uniformly, or strongly, or
weakly to an operator T € B(H) if | T,, —T|| — 0, or ||(T;, — T)z|| — 0 for every
x € H ,or (T,x,y) — 0 for every x,y € H (equivalently, (T,,x,z) — 0 for every
2 in the complex Hilbert space H ), and these will be denoted by T;, = T' , or

T, =5 T, or T,, =™ T , respectively. It is bounded if sup,, ||T,|| < co. Clearly,
T,>"T=T,="T=T,=>"T=sup|T.| < oc.

Theorem 1.3.1. Let {T,} and {S,} be sequences of operators in B(H) and

B(K) respectively. Let also T € B(H) and S € B(K).
(a) If T, »* T and S,, =" S, then T,,®8,, —" T®S.
(b) If T, =* T and S, —=* S, then T,®S,, —* TRS.
(c) If T, = T and S,, = S, then T,®S, =" T®S.

Proof. Recall that T,, ® S,, —T®S =T, ® (S, —S5)+ (T5, = T) ® S for each n

, which still holds if ® is replaced with ®.



(a) If |T,, — T|| — 0 (so that {T,} is bounded) and |S,, — S|| — 0, then
1T.®S, — TS| < sup,, | Tulll|Sn — S| + |S||[|T,, — T||, and hence then

|T,8S, — TRS|| — 0. That is T,,®S,, —=* T®S.

(b) Take an arbitrary ¥ ;2; ® y; in H ® K and observe that
1T © S0 — T 9SS 21 @ il < sup, [Tl 1y il 1y (S — S)pil
SIS Nt IS (T — Tl
KT, = Tand S, —° S, then (T, ® S, — T ® )X z; Q yi|| —
0 and so T, ® S,, —° T ® S. Moreover, {T,,®S,} is bounded (because
sup,, [|[T,®S, < sup,, ||Tn|lsup, |S.]| < o). As it is well-known, if a
sequence of operators converges strongly in a normed space, and if its

extension is bounded in the completion, then convergence holds in the

completion of the space. Thus T,,®S,, —° T®S.

(¢) Similarly, and applying the Schwarz inequality,
(T @S — T ® SEP_ 12 @ yi, B g7 @ )|
< sup,, ([T [|572 25 [ | |51 572, 7= ((Sn — S)yi, )]
IS el S S (T — T, )]
Thus (T, ® S, =T ® SEI  x; @y, X1 1 x; ®y;)| — 0, whenever T,, - T
and S, —»® S, and so T), ® S, = T®S. The same argument applies for

weak convergence so that T,®S, =% T®S.

O

Remark 1.3.2. The result of part (c) in Theorem 1.3.1 does not mirror the
ordinary product counterpart. Indeed, T;, =" T and S,, —" S do not imply
T,Sy, =% TS. In fact, even T;, —+° T and S,, =" S do not imply T}, S,, =% T'S.

We give the following example. If V is a unilateral shift, then if we put 7, =



Sn, = V"™ so that T, —° 0, S, =% 0, we have T,,S,, = I for every n.

Theorem 1.3.3. Let {T,,} and {S,} be sequences of operators in B(H) and
B(K) respectively. If one of them converges to zero uniformly ( strongly, weakly
) and the other is bounded, then {T,®S,} converges to zero uniformly ( strongly,

weakly ).

Proof. It |T,,|| — 0 and sup, ||Sn| < oo or vice versa, then ||T,,®S,| — 0
because || T,@S,|| = [|Tn @ Snll = |T,||1Sn || for every n > 1, which proves the
claimed result for uniform convergence. For strong and weak convergences take

an arbitrary vector ¥ x; ® y; in H ® K. Note that
[(Th @ Sp)Eig 2 @ yill < sup ||y |57 | T [ 25 [[ysl]-
n

If {T},} converges strongly to zero and if {S,} is bounded (or vice versa), then
(T, ® Sp)ET 1z ® y;]| — 0. Applying the same argument in the proof of (b)
of Theorem 1.3.1 above we get T,®S,, —* 0. Similarly,

(T ® Sp) X2 @ yi, Biq @i @ i)

< supy, || S [[271 25 (Do, 25) (3720 27 [[ya sl

If {T,} converges weakly to zero and if {S,} is bounded (or vice versa), then
(T, ® Sp)X 12 @ yi, B2 ® y;) — 0. Again, applying the same argument
in the proof of (c) of Theorem 1.3.1, it follows that T,,®S,, converges weakly to

Zero. O

At this juncture we give some results on convergence of power sequences of
Hilbert space operators.We shows that, unlike the above example, convergence
to zero of power sequences (or, equivalently, of sequences having the semigroup
property) is transferred from the tensor product to one of the factors. First we

consider the following auxiliary result.



Proposition 1.3.4. If the power sequence {T"@S”} is bounded, then so is one

of the power sequences {T™} or {S™} .

Theorem 1.3.5. Let T € B(H) and let S € B(K) . Consider the power
sequences {T™} and {S™}. If {T"®S™} converges to zero uniformly or strongly,
then so does one of the sequences {T™} or {S™}. If {T"®S™} converges to zero
weakly, and one of T or S is power incremented, then one of the sequences {T"}

or {S™}.

Proof. See Bonsall [9, Theorem 7.1]. O

1.4 Tensor product of C*-algebras

Theorem 1.4.1. Let A, B be normed algebras over K. There exists a unique
product on A® B with respect to which A® B is an algebra and (a®@b)(c®d) =

ac®bd (a,c € A, b,d € B).

We note that A ® B endowed with multiplication is called the algebra tensor
product and A ® B together with an involution the *-algebra tensor prod-
uct.

The norm of a C*-algebra is unique in the sense that on a given *-algebra A
there is at most one norm which makes A into a C*-algebra. We consider two

types of norms and we determine the relationship between them.

1.4.1 Spatial norm

The norm |||, defined by the inclusion A ® B C B(H) ® B(K) C B(H®RK) is
called the spatial norm, assuming that A and B are faithfully represented on

Hilbert spaces H and K respectively. This norm was introduced by T. Turumaru

10



in 1953. The definition does not depend on particular representations of A and

B, thatis,Vte A® B

[tllx = 116 © V()| oK)

for any two faithful representations 6 of A on H and ¢ of B on K.

1.4.2 Maximal C*-norm

The second natural norm on A ® B was introduced in 1965 by A. Guichardet.

It is the mazimal C*-norm ||.||, defined as:

], = sup{||Tt|]| : 7 is a subtensor representation of A® B}, forte A® B.

1.5 Normed Spaces

We begin with the description of the well-known class of real normed linear
spaces. A normed linear space is a metric space if the distance between x and y
is taken as ||z —y||. Let us recall the most characteristic examples of real normed
linear space.

In the space R™, we have: ||.||. , the classical Euclidean norm, |.||+ the so-called
taxi-cab norm, ||.||y the diamond norm and |.||,, km is a mixed norm. If {*®
denotes the linear space of all bounded real sequences then its natural norm is
defined by ||z||cc = sup{|z,|: n > 1}, for any bounded real sequence x = (z,,).
One can restrict this norm to the subspace ¢ of all convergent real sequences
and, in particular, to the subspace cq of all real sequences convergent to 0.
Given a compact space K, let C(K) be the vector space of all real-valued con-

tinuous functions f defined on K. Then one considers the norm

[ /1l = sup{[f(2)] : = € K}.

11



Consider the LP space. A closed real interval [a,b] being fixed with a < b, for
p > 1, let LP denote the space of continuous real-valued functions defined on

[a,b] and such that f: |f(®)|Pdt < oo. Then one defines the norm

1l = ( / Fe)Pde).

Theorem 1.5.1. Assume that (V,||.|), (W,|.|) are real normed spaces and let
f be a surjective mapping from V' onto W which is an isometry, i.e., ||f(z) —

fW = |l —yll, for all x,y € V. Then the mapping T := f — f(0) is linear.

12



Chapter 2

AMENABILITY IN

BANACH ALGEBRAS

2.1 Introduction

The notion of an amenable Banach algebra was introduced by B.E. Johnson in
his definitive monograph. This class of Banach algebras arises naturally out of
the cohomology theory for Banach algebras, the algebraic version of which was
developed by G. Hochschild [67].

In [60], we realize that the systematic study of the notion of amenability has
its origin in the beginning of modern measure theory in the earlier part of the
twentieth century. Hausdorff [44] posed the following question: Does there exist
a finitely additive set function which is invariant under certain group action?
With the help of his paradox, Hausdorff was able to answer this question in the

negative. Further investigations into this question led Banach and Tarski in [4]

13



to the paradox that now carries the name Banach-Tarski paradox.

The Banach-Tarski paradox is a mathematical theorem which imply the fol-
lowing: ”An orange can be cut into finitely many pieces, and these can be
reassembled to yield two oranges of the same size as the original one”

This is an application of the Banach-Tarski paradox, whose strongest form is:
Let A and B be any two bounded sets in three-dimensional space with non-
empty interior. Then there is a partition of A into finitely many sets which can
be reassembled to yield B.

In [35], Ghahramani and Loy introduced generalized notions of amenability with
the hope that it will yield Banach algebra without bounded approximate identity
which nontheless had a form of amenability. So far, however, all known approx-
imate amenable Banach algebras have bounded approximate identities. They
gave examples to show that for most of these new notions, the corresponding
class of Banach algebras is larger than that for the classical amenable Banach
algebra introduced by Johnson in [47]. They developed general theory for these
notions, and studied them for several concrete classes of Banach algebra.

Let A be a Banach algebra over C and ¢ : A — C be a character on A, that
is, an algebra homomorphism from A into C, and let ® 4 denote the character
space of A (that is the set of all characters on A). In [55], Monfared introduced
the notion of character amenable Banach algebras. His definition of this notion
requires continuous derivations from A into dual Banach A-bimodules to be
inner, but only those modules are concerned where either of the left or right
module action is defined by characters on A. As such character amenability
is weaker than the classical amenability introduced by Johnson in [48], so all

amenable Banach algebras are character amenable.

14



In this chapter, we shall continue in the spirit as in [35] and [55] by apply-
ing the concept of approximate amenability to that of character amenability
and introduced the notions of approximate left character amenability, approx-
imately right character amenability and approximately character amenability.
We develop general theory on these notions and study them for Banach algebras

defined over locally compact groups and second duals of Banach algebras.

2.2 Modules and bimodules

If A is a normed algebra and X is a normed space, then X is said to be a normed
left A-module if X is a left A-module and there exists a positive constant k
such that ||ax| = k||al||||z||. The notion of a normed right A-module is similarly
defined. A space X is said to be an A-bimodule, if it is both a normed left
A-module and a normed right A-module and (az)b = a(zb)(a, b € A, z € X).
Furthermore, if X is a complete space, then it is called a Banach module. Let
A be a Banach algebra and let X be a Banach A-bimodule. Then the dual of

X, X’ is a also a Banach A-bimodule. Indeed the module action is defined by:

(r,a.a) = (z.a,a) (a€ A, ,a€ X'z eX)

(r,aa) = (a.x,a) (a €A, ,a€ X'z e X)

Similarly, the higher duals X (™ are Banach A-bimodules. If the canonical
embedding of X in X” is denoted by # then a.# = a.z, so that X(") is a

submodule of X (™*2) for each n € Z.
Definition 2.2.1. A derivation from A into X is a linear map D such that
D(ab) = a.D(b) + D(a).b (a, b e A).

15



For example, for any x € X, the mapping 6, : A — X given by

dz(a) = ax —za; (a € A) is a derivation, called an inner derivation.

The space of continuous derivations from A into X is denoted by Z'(4, X)
and the space of inner derivations from A into X is denoted by N*(4, X). The
first cohomology group of A with coefficients in X is defined by

Z1(A, X)
N4, X)

HY(A, X) =
The Banach algebra A is amenable if H'(A, X’) = {0} for each Banach A-
bimodule X; and it is weakly amenable if H'(A, A’) = {0}. Let A be a Banach
algebra and let I be a closed ideal of A, A is I-weakly amenable if H*(A,I') =
{0}. A is n — I-weakly amenable if H'(A, (™) = {0}. A is ideally amenable
if A is I-weakly amenable for every closed ideal I in A. A Banach algebra A is
amenable if every continuous derivation D : A — X’ is inner for every Banach
A-bimodule X. In particular, if G is a locally compact group then L!(G) is

amenable (as a Banach algebra) if and only if G is amenable as a topological

group.

2.2.1 Key examples of modules

Example 2.2.2. A is an A-bimodule when the left and right actions are defined

by the multiplication of A in a usual manner.

Example 2.2.3. If X is an A-bimodule then the dual X’ of X is also an A-

bimodule under the actions

(af)(z) = f(za),(fa)(z) = fax)(a € A, z € X).

Definition 2.2.4. Let A be a complex algebra. If I = Ka is a left ideal of A

for each a € A, then A is called an ideally factored algebra (IF-Algebra). Each
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multiple ba of a is therefore of the form ¢(b)a for some ¢(b) € K. This ensures
us to have a simple formula for the multiplication and helps us to consider
problems concerning linear mappings such as homomorphisms and derivations

involving this type of multiplication.

The multiplication on an IF-Algebra is interesting on its own right. Therefore,
we need to characterize all ideally factored algebras and to investigate their

general properties.

Definition 2.2.5. Let A be a complex Banach space and ¢ : A — C be a
bounded linear functional. Define a multiplication on A by ab = ¢(a)b. This
multiplication evidently makes A into a Banach algebra denoted by A, which

is called the IF-Algebra associated to ¢.

Proposition 2.2.6. Let Ay be an IF-algebra. Then there is a multiplicative

linear functional ¢ : A — C such that ba = ¢(b)a for allb € Ay.

Proof. For each a € Ay, I, = Ca is a left ideal. Thus, for each b € Ay there is a
@a(b) € C such that ba = ¢,(b)a. Clearly, ¢, is linear. Since the multiplication

of Ay is associative, we have

Da(D)da(c)a = b(a(c)a) = b(ca) = (be)a = ¢4 (be)a.

Hence, ¢, is multiplicative. Next, we show that ¢, = ¢ for all a, b € Ay. If

{a,b} is a linearly independent set, then for each ¢ € Ay we have

datrb(c)(a+b) = cla+b) =ca+ cb= dq(c)a+ ¢p(c)d.

Therefore, (¢a+b — Pa)(c)a = (dp — Pats)(c)b. Now, since {a,b} is a linearly

independent, we have that

(¢a+b - ¢a>(c) = (¢b - ¢a+b)(c) = 0.
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Hence, ¢q = ¢dasrp = ¢p. If {a,b} is not linearly independent, say b = Sa for a

nonzero scalar 3, then

bsa(c)Ba = c(Ba) = B(ca) = Ba(c)a.
Thus, ¢pa(c) = ¢a(c) and so ¢y = dpa = Pa- O
Next we give some results on the general properties of Ag.

Definition 2.2.7. Let A is a complex normed algebra with an identity and

a € A. We define the spectrum o4, (a) of a by

oa,(a) ={X € C:a— Al isnot invertible}
and the spectral radius 74, (a) of a is defined by

ra,(a) =sup{|A|: X € o4, (a)} = lim lla™|| 7.

If A has no identity, then the spectrum of a € A is determined by its spectrum

in the unitization AT = A @ C of A.
Theorem 2.2.8. The Banach algebra Ay has the following properties:
(i) ¢ is multiplicative.
(i1) w e Ay is a left identity if and only if ¢p(u) = 1.
(i1i) v € Ay is a right identity if and only if Ay is linearly spanned by u. itself.
(iv) (a,pu) € A$ is invertible if and only if p # 0 and ¢, # —p where,
(@ = (e &)
(v) oa,(a) ={0,9(a)}.
(vi) ra,(a) = |p(a)|.
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(vii) ¢ is injective if and only if Ay is commutative.

Proof. (i) ¢lab) = d(6(a)b) = d(a)(b).

(i) b = ub = ¢(u)b for all b € Ay if and only if ¢(u) = 1.

(iii) b = bu = ¢(b)u if and only if each element of A, is a scalar multiple of w.

(iv) We have that

(a,p)(b,N) = (a.b+ Aa+ pb, pA)
= (¢(a)b+ Aa+ pb, uA)

= ((¢(a) + b+ Aa, pA).

Therefore, (a, )b, A) = (0,1) if and only if b = aand X = i

-1
w(d(a)+p)

(v) By (iil), (a,0) — X(0,1) = (a,—)) is invertible if and only if ¢(a) # 0 and

A # 0. Hence, 04,(a,0) = {¢(a),0}.

(vi) ra,(a) = max{[A] : A € 04,(a)} = |p(a)|.

(vii) Let ¢ be one to one, then

¢(ab) = ¢(¢(a)b) = ¢(a)¢(b) = ¢(b)¢(a) = d(d(b)a) = d(ba).

Therefore, ab = ba. Conversely, let ¢(a) = ¢(b) for some a,b € Ay. Since Ay is
commutative, ab = ba. So, ¢(a)b = ¢(b)a. Hence a = b. Therefore, ¢ is one to

one. O
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Let A be an algebra. The character space of A is denoted by ® 4. Let X be

an A-bimodule. A derivation from A to X is a linear map D : A — X such that
D(ab)=Da - b+a - Db (a,be A).

For example, §, : a — a - © — x - a is a derivation; derivations of this form are
the inner derivations.

Let X be a Banach space, the second dual of X is X”, and the canonical
embedding of X in X" is denoted by i. The image of X in X" under i is
denoted by X. The weak-* topology on X' is denoted by o(X', X). We shall
use the Goldstine’s theorem: for each A € X", there is a net x,, in X such that
|zl < JJA]| and zo — A in (X7 o(X", X7)).

Let A be a Banach algebra, and let X be an A-bimodule. Then X is a
Banach A-bimodule if X is a Banach space and if there is a constant & > 0 such
that

la -zl <Ellalllzll, [l - al <Ela[lz]] (ac A, zeX).

By renorming X, we can suppose that k = 1. For example, A itself is Banach
A-bimodule, and X', the dual space of a Banach A-bimodule X, is a Banach

A-bimodule with respect to the module operations specified for by
(x,a-A)=(x-a, N, (&, x-a)=(a-z, N (xeX)

for a € A and A € X’; we say that X’ is the dual module of X.

Let A be a Banach algebra, and let X be a Banach A-bimodule. Then
Z (A, X) is the space of all continuous derivations from A into X, N'1(4, X)
is the space of all inner derivations from A into X, and the first cohomology

group of A with coefficients in X is the quotient space
HYAX)=ZY A, X)/NA X).
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The Banach algebra A is amenable if H'(A, X') = {0} for each Banach A-
bimodule X.

A derivation D : A — X is approzimately inner if there is a net (z,) in X
such that

D(a) =limy(a-zy — o -a) (a € A),

the limit being taken in (X, |.||). That is, D(a) = lim,d,,(a), where (d,) is
a net of inner derivations. The Banach algebra A is approximately amenable
if, for each Banach A-bimodule X, every continuous derivation D : A — X’ is
approximately inner.

We let Mgr denote the class of Banach A- bimodule X for which the right
module action of A on X is given by x-a = p(a)xr (a € A,z € X, € $y),
and Mél denote the class of Banach A- bimodule X for which the left module
action of A on X is given by a -z = ¢la)r (a € A,z € X,p € By). If
the right module action of A on X is given by z - a = p(a)x, then it is easy
to see that the left module action of A on the dual module X’ is given by
a-f=9la)f (a€ A fe X' pe dy). Thus, we note that X € M:}T (resp.
X e M2)) if and only if X' € M3, (resp. X' € M2).

Let A be a Banach algebra and let ¢ € ® 4, we see [55] that:

(i) A is left p-amenable if every continuous derivation D : A — X’ is inner for
every X € MﬁT;

(ii) A is right @-amenable if every continuous derivation D : A — X’ is inner

A

for every X € Mg ;

(iii) A is left character amenable if it is left @-amenable for every ¢ € ®4;
(iv) A is right character amenable if it is right ¢-amenable for every ¢ € ®y4;

(v) A is character amenable if it is both left and right character amenable.
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Chapter 3

APPROXIMATE

AMENABILITY

3.1 General theory

We introduce the following definitions.

Definition 3.1.1. Let A be a Banach algebra and let ¢ € ®4.Then we say that
(i) A is approximately left ¢-amenable if every continuous derivation
D : A — X' is approximately inner for every X € Mﬁr;

(ii) A is approximately right p-amenable if every continuous derivation

A

D : A — X' is approximately inner for every X € MG,

(iii) A is approximately left character amenable if it is approximately left -
amenable for every ¢ € ®y;
(iv) A is approximately right character amenable if it is approximately right

p-amenable for every ¢ € @ 4;
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(v) A is approximately character amenable if it is both approximately left and

approximately right character amenable.

Clearly, approximate character amenability is weaker than character amenabil-
ity, approximate amenability, and amenability, and so, every character amenable,
approximately amenable and amenable Banach algebra is approximately char-

acter amenable.

Definition 3.1.2. Let A be a Banach algebra and ¢ € ®4. A left [right] ap-
proximate p-mean is a net (m,) C A” such that
(i) My (@) =1

(i) lp(a)my = my - all = 0 [[la-m, —p(a)m,| = 0] (a € A).

Theorem 3.1.3. Let A be a Banach algebra and ¢ € ® 4. Then the following
statements are equivalent:

(i) A has a left [right] approzimate p-mean;

(ii) A is left [right] approzimately p-amenable;

(iii) Given (kery)” a dual A-bimodule structure by taking left [right] action to
bea-m=ypla)m [m-a=gla)m] (a€ A,me A”) and taking the right [left]
action to be the natural one. Then any continuous derivation D : A — (kery)”

s approzimately inner.

Proof. The equivalence of (i) and (ii) can be shown as in the classical case of
p-amenable Banach algebra by simple modifications of the arguments used in
the proof of [?, Theorem 1.1]. Trivially, (ii) implies (iii). We only have to proof
(iii) = (i). For this, let b € B be such that p(b) =1, and let D : A — (kery)” be
defined by D(a) = p(a)b—ba, (a € A).Itis easy to see that D is a derivation,

and so it is approximately inner by (iii). Thus there exists a net (n,) in (kerp)”

23



with

D(a) = limy(p(a)ny —ny -a) (a € A)).

That is,

p(a)b —ba = limy(p(a)n, —ny -a) (a € A)) (3.1).

Set m, = b — n,. Then clearly m,(p) =1 and

lp(@)my —my - al| = llp(a)b — ba — (p(a)ny, =1y -a)l| =0 (a € A)

by (3.1). Thus A has a left aproximate ¢-mean. The right version of (iii) = (i)

is similar. 0

Proposition 3.1.4. Let A be a Banach algebra.

(i) Let ¢ € ®4 and suppose A is left [right] approzimately p-amenable. Then
A has a left [right] approzimate identity.

(ii) Suppose that A is approximately left [right] character amenable. Then A
has a left [right] approxzimate identity.

(#ii) Suppose that A is approzimately character amenable. Then A has left and

right approximate identity.

Proof. Let X = A” with the left action as a-m = ¢(a)m,a € A,m € A" and
zero right action. Then the natural injection 7 : A — A”, defined by
i(a) = a (a € A) is a derivation. Thus, since A is approximately left -

amenable, there is a net (n,) in A” with
i(a) = limy(a - ny, —ny - a) = limye(a)n,.
That is ¢(a)n, — @ for each a € A. Take finite sets F C A,G C A’ and € > 0.

Let H = {p(a)X : a € A\ € G}. Then there is u = u(F,G,¢) such that
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@ — ¢(a)ny|| < 5 for a € F. By Goldstine’s theorem, there is b, € A such that
(2.by) =m0, W) < 5 (¥ € H).
Thus for each a € F, A € G, we have
[(Abua) — O, )] < [0, bya) — (p(a), N + (@), — @A)

< [(p(@)A.bn) = (no. (@) + 5 < .

Thus (by)r,c. is a weak left approximate identity for A. Since A has a weak
left (or right) approximate identity imply A has a left (or right) approximate
identity [35, Lemma 2.1]. Then we conclude that A has a left approximate
identity. An analogous argument works on the right. (ii) and (iii) follows from

(i) O

Let A be a Banach algebra, A®A denotes the projective tensor product and
m: A®A — A defined by m(a ® b) = ab (a,b € A) be the diagonal operator.
Then A®A — A is Banach A-bimodule with the module actions

a-b®c)=ab®@c,(b®c)-a=b®ca (a,b,ce A).

Theorem 3.1.5. Let A be a Banach algebra and ¢ € ®4. A is left [right]
approzimately p-amenable if and only if either of the following equivalent con-
ditions holds:

(i) there is a net (M,) C (A®A)" such that for each a € A
ola)My — My -a—0 [a- M, —pla)M, — 0]

and (My, ¢ @ ) = 7" (M,)(¢) = 1;

(ii) there is a net (M) C (A®A)" such that for each a € A
ola)M, — M -a—0 [a- M, —¢@(a)M, — 0]
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and (M, ¢ @ @) = 7" (M,)() = 1.

Proof. Suppose that A is approximately left p-amenable. Consider the Banach
A-bimodule A®A with the module actions given by

a-b®c)=pla)hec,(b®c)-a=b®ca (a,b,ce A). Consider the quotient
Banach A-bimodule X = (A®A)'/C - (¢ ® ¢). Let u € (A®A)” be such that
u(p® @) =1, and let §, : A — (A®A)" be the inner derivation by u. Then
the image of d,, is a subset of X’ = {¢ ® ¢}°, and since A is approximately left

p-amenable, there is a net (u,) in X’ such that d,,(a) = lim,d,, (a). That is
wla)u —u-a = limy(p(a)u, — u, - a) (3.2).
Set M|, = u — u,. Then for a € A, we have
pla)M] — M, -a=pla)u —u-a— (p(a)u, —u,-a) =0
by (3.2). Also
" (M)(p) = " (u — uu)(p) = (u, 0 ® @) = 1.

Thus we have shown (ii).

Now suppose (i) holds. Let X € M‘;‘T and D : A — X' be a derivation. We
follow the standard argument in [35, Theorem 2.1] with due care given to the
module actions defined on X and X’. For each v, set f,(z) = M,(u,), where
a,be A,x € X, p(a®b) = (p(a)D(b))(z). Then with (m?) C A®A converging

weak™® to M,, and noting that for m € A®A,

tp(@e—a-a(m) = (p(a)pa — a- pg)(m) + (p(r(m))D(a)) (),

we have
(p(a)fo = fo-a)(z) = folpla)r —a- )

26



= Mv(:uaw—tp(a)w) = limamg(uaw—g)(a)x)
= My(p(a)pe — a- pa) + lima(p(m(my)) D(a))(x)
= (p(a)My — M, - a)(ps) + (7" (My) (0) D(a))(z).

Thus
I(¢(a) fo—fo-a)(@)—D(a) (@)l = [|(p(a) My—My-a)(pz)+ (" (M) (0) D(a)) (z)— DI
< (p(a)My = My - a)(pa) || + | (" (M) () D(a)) (z) — D(a) ()|

< lle(a)My = My - al[|pe || + 7" (M) (0) = 1] - [lz]| - | D(a)|
= le(a) My, = M, - al| [ D[l]| + [Ix" (M) () = 1| - l2]] - [ D(a)]]-

Thus D(a) = lim,(e(a)fo — fo-a) (a € A). It follows that A is approximately
left p-amenable. Since (ii) clearly implies (i) the equivalences follow. The right

version can be prove similarly. O

Proposition 3.1.6. Let A and B be Banach algebras and ¢ € ®p. Suppose
7: A — B is a continuous epimorphism. Then if A is approximately left [right]

@ o T-amenable, then B is approximately left [right] @-amenable.

Proof. Let X € MS‘;‘T and Y = X be the A-bimodule with module actions
induced via 7 as follows; the left module action defined by a - = 7(a)z and
right module action defined by z-a = (po7)(a)xr (e € A,x € X).f D: B — X'
is a derivation, then Do7: A — Y’ is a derivation. Thus if A is approximately

left ¢ o 7- amenable, there is a net (\,) in X’ with
(D oT)(a) =limy[(poT)(a)\, — lambda, - h(a)].

Thus D is approximately inner and so B is approximately ¢- amenable. An

analogous argument works on the right. O
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Remark 3.1.7. This argument does not extend to the closure of a homomorphic

image, since the net (),) in X’ need not be bounded.

Corollary 3.1.8. Let A and B be Banach algebras and ¢ € ®g. Suppose
7: A — B is a continuous epimorphism. Then if A is approzimately left [right]

character amenable, then B is approzimately left [right] character-amenable.
Proof. This follows from Proposition 3.6. O

Corollary 3.1.9. Let A be a Banach algebra. Suppose A is approzimately left
[right] character amenable, and I is a closed two-sided ideal of A. Then A/I
is approzimately left [right] character amenable. If I is left [right] character
amenable and A/T is approzimately left [right] character amenable, then A is

left [right] approximately character amenable.

Proof. Immediate from Proposition 3.6. In the reverse direction, the standard

argument [55, Theorem 2.6 (iii)] applies. O

Proposition 3.1.10. Let A be a Banach algebra without identity and A, denote
the Banach algebra obtained by adjoining an identity e. Let p € ®4 and let @,
be the unique extension of ¢ to an element of ® 4,. Then A is approzimately left
[right] p-amenable if and only if A is approzimately left [right] v.-amenable.
In particular, the unitization algebra A. is approxzimately left [right] character

amenable if and only if A is approximately left [right] character amenable.

Proof. This can be shown by simple modifications of the argument used in the

proof of [35, Proposition]. O

Given two Banach algebras A and B, for f € A’ and g € B’, let f ® g denote

the element of (A®B)’ satisfying (f ® g)(a ® b) = f(a)g(h). With this, we have

28



that ® 4o p ={p @Y :p € Py, € Pp}.

The following result is from [?]:

Theorem 3.1.11. Let A and B be Banach algebras and let o € @4 andy € Pp.
Then ARB is (¢ ® v)-amenable if and only if A is p-amenable and B is -

amenable.

Remark 3.1.12. (i) We note that the concept of ¢-amenable Banach algebra is
the same as right ¢-amenable in [55], see also [36, Theorem 1.1].
(ii) Any statement about right varphi-amenability turns into an analogous state-

ment about left ¢- amenability by simply replacing A by its opposite algebra.
With the above remark and Theorem 3.10, we have the following result:

Corollary 3.1.13. Let A and B be Banach algebras. Then AQB is character

amenable if and only if A and B are character amenable.

Proposition 3.1.14. Let A and B be Banach algebras. Suppose that A is
approximately character amenable and has a bounded approximate identity, and

that B is character amenable. Then AQB is approximately character amenable.

Proof. The classical argument [1, Theorem 5.4] suffices to show this with due

care given to the way the left and right module actions are defined. O

The next result is an analogue of a well known splitting property [35, The-
orem 2.2] whose proof follows the argument of [13, Theorem 2.3]. The proof is

similar.

Theorem 3.1.15. Let A be an approximalely left character amenable Banach

algebra and let X be a right Banach A-bimodule such that x - a = p(a)x for
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some p € g (v € X,a € A). Let -module

S0-X F Y G 220

be an admissible short exact sequence of Banach left A-modules. Then Y ap-

proximately splits.

Let A be a Banach algebra, we recall that a subspace X of A is called weakly

complemented in 4, if X° ={A e A" : (\,z) =0,z € X} is complemented in

A’. Also, we let A% = span{ab: a,b € A} and A2 be the closure of A% in A.

Corollary 3.1.16. Let A be an approzimately left character amenable Banach

algebra and let I be a weakly complemented left ideal of A. Then I has a right

approzimate identity. In particular, 2=1.

Proof. We use the argument of [35, Corollary 2.4, Lemma 2.2] and . By Proposi-

tion 3.9, we suppose that A is unital. We consider the sequence of left A-module

Z:O—>I 7 A— A/l =0,

and its second dual,

1
_>
Z:O%I“ i A" — (I°) — 0.

Z” is admissible since I is weakly complemented, and so by Theorem 3.13,

there is a net of maps (I,), each a left inverse to i’ such that a- I, — I, -a — 0

for each a € A. Now A” has a right identity m, so that for a € I,
(I, -a)(m) =1,(i"a-m) = I,(i"a).

Thus

(a-I,)(m)=(a-I,— I, -a)(m) + a,

and so a-I, — @, a € I. The argument of [35, Lemma 2.2] gives the result.
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Chapter 4

ARENS PRODUCTS AND

AMENABILITY

4.1 Second dual of Banach algebra

Let A be a Banach algebra. Here we study the relation between approximate
character amenability of A and that of its second A”.

Arens in [31] defined two products, O and <, on the bidual A” of Banach
algebra A; A” is a Banach algebra with respect to each of these products, and
each algebra contains A as a closed subalgebra. The products are called the
first and second Arens products on A", respectively. For the general theory of
Arens products, see [16, 20]. We recall briefly the definitions. For ® € A" we

set

(a, \-®)y=(P,a-N), (a,2-N)=(P,\-a) (a€A NeA),

3
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so that A\-®,®- A€ A’. Let &, ¥ € A”. Then

(@OT, N) = (D, T -N), (BOT, A= (T, \-3) (AeA).

Suppose that ®, ¥ € A” and that ® = lim, a, and ¥ = limg bg for certain nets
(aq) and (bg) in A. Then ®O¥ = lim, limg a,bg and @Y = limglim, a,bg,
where all limits are taken in the weak-* topology o(A”, A’) on A”.

The following result is well known:

Proposition 4.1.1. Let A be a Banach algebra. Then both (A”,0) and (A”,<)

are Banach algebras containing A as a closed subalgebra.

For a Banach algebra A, let A°? be the Banach algebra with the underlying
Banach space as A and with product o given by a o b = ba. A°P is called the

opposite algebra of A.

Proposition 4.1.2. Let A be a Banach algebra and ¢ € ®4. Then A is ap-
proximately left [right] o-amenable if and only if A°P is approzimately right [left]
p-amenable. In particular, A is approzimately left [right] character amenable if

and only if A°P is approzimately right [left] character amenable.

Proposition 4.1.3. Let A be a Banach algebra. Suppose A is commutative.
Then (A”,0) is approzimately left [right] character amenable if and only if

(A", Q) is approzimately right [left] character amenable.

Proof. Since A is commutative, then A- @ =®- A (A€ A", ® € A”), and
OOV =0Od  (,V e A”), and so (A", 0) = (A4”,0)°P.

Thus the result follows by Proposition 4.2. O

Proposition 4.1.4. Let A be a Banach algebra and suppose A admits a con-

tinuous anti-isomorphism. Then (A”,0) is approzimately left [right] character
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amenable if and only if (A", ) is approzimately left [right] character amenable.

Proof. Let 7: A — A be continuous anti-isomorphism of A.
Let ®,% € (A”,0) and let (ay) and (bg) be nets in A such that ® = lim, a,

and ¥ = limg bg. Let 7”7 : (A”,0) — (A", <) be the second dual of 7. Then

7(®0OF) = limglimgt” (anbp)

= limlimg7" (bg)7" (aa)

=7 (0)o7" (D).

Thus 7" is an isomorphism from (A", O) onto (A", ©)°P and so, the result follows

from Proposition 4.2. O

The amenability, approximate amenability and character amenability ver-
sions of the result below on Banach algebra have been proved in[35], [37] and
[42] respectively. The proof of character amenability and approximate amenabil-
ity cases carries over. The proof is similar to the argument used in [35, Theorem

2.3].

Theorem 4.1.5. Let A be a Banach algebra and ¢ € ® 4. If (A”, D) is approzi-
mately left (right) p-amenable, then A is approzimately left (right) p-amenable.
In particular, if (A”,0) is approzimately left (right) character amenable, then

A is approzimately left (right) character amenable.

4.2 Algebras over locally compact groups

Let G be a locally comapct group. Then we define the group algebra L'(G)

(using the left Haar measure) and the measure algebra M(G) as in [16], see
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also [15] for details. We recall that the product p,v € M(G) is specified by the

formula
Qe = [ [ Nesthdutsant) - (3 € Co(@)).

so that ds * §; = 05t (s,t € G). It is standard that M(G) is a unital Banach
algebra with the convolution product and it is identified with the dual space
of all continuous linear functional on the Banach space Cy(G) and that L!(G)
is a closed ideal in M (G). The subspace of M (G) consisting of the continuous
measures is denoted by Mc(G).

The map ¢ : p — p(G), M(G) — C is a character on M(G), called the
augumented character.

Let Cp(G) be the space of bounded continuous functions on G. We recall
that a function f € Cy(QG) is called left uniformly continuous if the map
g—0g% f, G — Cy(G) is continuous (wrt the norm topology on Cy(G)) and
LUC(G) denotes the space of bounded left uniformly continuous functions on
G.

The following results are from [15, Theorem 1.1] and [35, Theorem 3.1]:

Theorem 4.2.1. Let G be a locally compact group. Then
(i) M(QG) is amenable if and only if G is discrete and amenable

(i) M(G) is approzimately amenable if and only if G is discrete and amenable.

It was shown in [15] that if G is non-discrete, then the complemented ideal

Mc(G) satisfies M (G)? # Mc(G). With this and Corollary 3.14, we have the

next result.

Theorem 4.2.2. Let G be a locally compact group. Then M(G) is approzi-

mately left character amenable if and only if G is discrete and amenable.
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Proof. Suppose G is non-discrete, then M¢(G)? # Mo (G) which is impossible

by Corollary 3.14. O

Theorem 4.2.3. Let G be a locally compact group. Then (L*(G)",0) is ap-

prozimately character amenable if and only if G is finite.

Proof. This can be shown be following similar argument in the proof of [35,

Theorem 3.3] and using Corollary 3.8, Theorem 4.2 and Corollary 3.14. O

Corollary 4.2.4. Let G be a locally compact group. Then LUC(G)' is approz-

imately character amenable if and only if G is finite.
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Chapter 5

THEORY

OFNA(H)-CLASSES

5.1 Introduction

In this chapter we study normal and norm-attainable operators in NA(H)-
Classes. We concentrate on some of their properties, for example, normality
and denseness. We also consider conditions under which some elementary op-
erators become norm-attainable. Lastly, we take a keener look on amenability

of NA(H)-Classes.

5.2 Norm-attainable operators

Norm-attainable operators have many applications, some of which are discussed
n [21]. Let N A(H) denote the algebra of all norm-attainable operators on H.

The denseness of A € N A(H) was established in [21] and, in a more constructive
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way in [22]. We begin this section with our own constructive proof of the
denseness of A. This proof may not be new but we were unable to find it in the
literature and we need the specific details of this proof for our study of denseness

for norm-attainable operator-valued functions.

Lemma 5.2.1. Let B be a non-negative bounded linear operator on H. For
every € > 0 there exists a rank-1 non-negative operator, C, such that |C|| < e

and (B + C)x = |B + C||z for some unit vector z € (Ker(B))= .

Proof. Let € > 0. Since

|IB|| = sup (Bx,x) =sup{(Bz,z): ||z =1, z € (Ker(B))l},

llzll=1

there exists a unit vector y € (Ker(B))* such that ||B|| — £ < (By,y). Define

£
2

C =€(.,y)y. Then C is non-negative a rank-1 operator of norm e. Moreover,

|B+Cll = sup (B+C)r.a) > (B+Cly.y) > ||Bl| + 5.

llzll=1
Now B + C' is non-negative and so ||B + C|| lies in the spectrum, o(B + C), of
B+C. Since C is compact, it implies 0¢ss(B+C) = 0.55(B). But the spectrum
of B is bounded by ||B]| and hence ||B + C|| must lie in the discrete spectrum
of B+ C. In other words, there exists a unit vector x such that (B + C)z =
| B+C||z. Finally, we can assume without loss of generality that = € (Ker(B))*.
Indeed, H decomposes as the orthogonal direct sum of Ker(B) @ (Ker(B))*
. Hence if we express z = 2! + 22 in this decomposition, we see (B + C)z! =

(z',y)y = 0. O

We apply the Lemma (5.2.1) for general operators. We will need to recall the
properties of polar decompositions. Let A € L(H) and let A = U|A| denote the

polar decomposition of A. Recall that |A] = v A*A is a non-negative operator
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and U is a partial isometry. More precisely, Ker(U) = Ker(|A|) = Ker(A) and

U is an isometry on (Ker(U))= .

Theorem 5.2.2. Let A € L(H). There exists a sequence of rank-1 operator K,
converging to zero in operator norm such that A + K, is norm-attainable for

each n. In particular, the norm-attainable operators are norm dense in N A(H).

Proof. Let A = U|A| be the polar decomposition of A. By Lemma 5.2.1, we
know for each n there exists a non-negative rank-1 operator C,, with ||C,,|| < 1/n
such that for some unit vector z,, € (Ker(|A|))*, (|A|+Chn)xn = |||A|+Chljzn. If
we premultiply this expression by U and define K,, = UC,,, we get (A+K,)x,, =
I14] + CollU .

But x, € (Ker(|A]))* = (Ker(U))* U is an isometry on this set. Thus,
[(A+ Kn)xn|| = [[|A]+ Cnl|. Now, [[(A+ K[| = [[U(JAI+Cu)ll < [[([A]+Cn)ll-
Hence the previous equation actually shows that ||(A + K,)| = [[(|A] + Cn)||

and this norm is attained at the vector x,,. This establishes the theorem. O

This completes our constructive proof of the Lindenstrauss denseness theo-
rem and we are ready to apply the above theorem to our study of operator-valued
functions. Let U be an open subset of C and let f: U — L(H) be an operator-
valued function. Recall that f is continuous if for each z € U and € > 0, there
exists a § > 0 such that |z — w| < § implies |f(z) — f(w)| < e. The following
theorem is analogous to Lemma 5.2.1 for continuous operator-valued functions

with values in the non-negative operators.

Theorem 5.2.3. Let U be an open subset of C and let K be a compact subset
of U. Suppose f is a continuous function on U with values in the non-negative

linear operator on H. For every ¢ > 0 there exists finite-rank non-negative
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operator P of norm e such that f(z) + P is norm-attainable for all z € K.

Proof. Let € > 0 and K be a compact subset of U. Since f is uniformly con-
tinuous on K we can fix a § > 0 such that for every z,w € K, if |z — w| < §
then |f(z) — f(w)| < §. Compactness implies that the collection of open balls
{B(z,0)}.cx admits a finite subcover {B(z1,4), ..., B(zn,0)} of K. Now each
f(2) is a non-negative and so for each z € K, there exists a unit vector 1, such
that (f(2)v.,v.) > [|[f(2)|| — §. Let {¢1,..., ¢} denote the Gram- Schmidt
ortho-normalization of the vectors {¢.,,...,%. } chosen for our finite subcover.
Define P = eX1™, (.¢;) ;.

Clearly, P is a non-negative finite-rank operator of norm e. We claim that

f(w) + P is norm-attainable for each w € K. Let w € B(z;,9). Then

[f(w)+ Pl = ((f(w) + P)=;, ¥e,)

= ((f(w) = fE))bz, ¥z) + {(F(20) + P)z;s ¥02)

€

> ((f(w) = fE)z =) + (@) = 5 +e
> —g G+
> -5+ %
> [[f(w).
As in Lemma 5.2.1, this implies that f(w) + P is norm-attainable. O

Remark 5.2.4. The previous Theorem 5.2.3 extends with exactly the same proof

to hold for any bounded open domain U.

Corollary 5.2.5. Let U be a bounded open subset of C and suppose f is a
continuous function on U, the closure of U. Assume that f takes values on U in

the non-negative linear operators on H. Then for every e > 0 there exists finite-
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rank non-negative operator P of norm € such that f(z) + P is norm-attainable

for all z € U.

Proof. By assumption, the set U is compact and hence, f is uniformly continuous
on U. The calculation in the previous Theorem 5.2.3 goes through unchanged

with the closure, U, of U playing the role of K.

5.3 Norm-attainable elementary operators
Definition 5.3.1. For an operator S € B(H) we define:

(i) Numerical range by W(S) = {(Sz,x) : = € H, ||z| = 1},

(ii) Maximal numerical range by

Wo(S) ={B € C: (Sxp,x,) = B, where ||z, || =1, ||Szn| = |S]}-

Lemma 5.3.2. Let S € B(H). ds is norm-attainable if there exists a vector

¢ € H such that ||C[| =1, [ISCI[ = [IS]|, (S¢,¢) =0.

Proof. For any x satisfying that 1 {(, SC}, define X as follows
X:(—=¢(¢ SC— -5 z—0,
because S¢L(. Since X is a bounded operator on H and || X (|| = || X]|| =1,
19X¢ = XS5C| = IS¢ = (=Sl = 2[5¢]| = 2] S]]

It follows that ||0s|| = 2||S]| via the result in [78], because (S¢, () = 0 € Wy(S).
Hence we have that ||[SX — XS|| = 2||S|| = ||ds]|.- Therefore, dg is norm-

attainable. O
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Theorem 5.3.3. Let S € B(H), f € Wo(S) and a > 0. There exists an
operator Z € B(H) such that ||S|| = ||Z||, with ||S — Z|| < a. Furthermore,

there exists a vector n € H, ||n|| = 1 such that || Zn|| = || Z]| with (Zn,n) = .

Proof. Without loss of generality, we may assume that ||S|| = 1. Let z,, €

H (n=1,2,...) be such that ||z,|| =1, [|[Sz,|| — 1 and

lim (Sz,,z,) = 5.

n—oo

Consider a partial isometry G and L = fol BdEg, the spectral decomposition of

L. Let S = GL, the polar decomposition of S. Since
Tim (S = 18] = 1] = 1,
we have that ||La,|| — 1 as n tends to co and

lim (Szy,z,) = lim (GLxy,z,) = lim (Lx,, GTx,).

n—oo n— 00 n— oo

Now for H = Ran(L) @ KerL, we can choose z, such that x,, € Ran(L) for

large n. Indeed, let

Then we have that

Lz, = Lxg) &3] Lxg) = Lxg)

and that
; @ = i @) =
i (e = 1, lim 22 =0
since
lim ||Lz,| = 1.
n—oo
e
Replacing x,, with ﬁ, we obtain
z5,
lim ||[L———2W| = lim ||S——az1|| =1,
i 0 B (I

41



1 1
lim (S (M x(1)> = 0.
n—oo 1 n 1 n
- <|uWn (sl

Now assume that z,, € RanL. Since G is a partial isometry from RanlL onto
RanS, we have that |Gz, || = 1 and limy, o0 (L2p, G*2,,) = B. For L is a positive

operator, ||L|| = 1 and for any xz € H,
(La,z) < (@, 2) = .

Replacing x with Liz, we get that (L2x,z) < (Lx,z), where L7 is the positive
square root of L. Therefore we have that ||Lz||?> = (Lz,Lz) < (Lz,x). It is

obvious that lim, _, || L2,| = 1 and that
”anH2 < (Lan, Tn) < ”anH2 =L

Hence, lim, o0 (LXp,zn) = 1 = ||L||. Moreover, Since I — L > 0, we have

limy, o0 (1 — L), ) = 0. thus lim, o0 ||[(I — L)2,|| = 0. Indeed,
. . 1 1
T [[(7 ~ Daal| < lim (7= DL — Do) =0

For o > 0, let v = [0,1 — §] and let p = [1 — §,1]. We have

L = /udEﬂ + /,udEM
g P
-2 1
= / pdk, + / ndE,
0 1-4+0
= LE(y)® LE(p).
Next we show that lim,_,o [|E ()2, | = 0. If there exists a subsequence x,,, (i =

1,2,...,) such that ||E(y)zn,|| > €>0, (i=1,2,...,), then since lim; o ||2n, —

Lz, || = lim; oo (I — L)x,, =0, it follows that

lim ||z, = Lan, || = lim (|E(M)2n, = LE(Y)za,|* + [|E(p)n, — LE(p)zn,||)

1—00 1—00

= 0.
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Hence we have that lim; oo (|| EY)2n, — LE(Y)Zy, [|> = 0. Now it is clear that

|EY)2n, — LE(Y)xn, || > [[Ev)xn, || — [[LEM)].[EY)2n,
> (I = |LEM)I)-Ev)zn,
s ¢
= 26
> 0.

This is a contradiction. Therefore,
lim_ (| Bz, = 0.

Since

lim (Lay,, z,) =1,
n— oo

we have that

lim (LE(p)zn, E(p)a,) = 1

n— oo

and

lim (E(p)x,, G*E(p)x,) = 8.

n— oo

It is easy to see that

. . E(p)zn,  E(p)n
lim [[E(p)z,|| =1, lim (L , =1
n—oo n=oo \ [ E(p)znll” [ E(p)zn

and

we can assume that x, € E(p)H for each n and

. (LH?”)“ o Ep)z ): ;

E(p)z"

Replacing x with TE(p)zall’

|xn| = 1. Let

J = [wak,+ [ e,
¥ P

1-g 1
= / udE#+/ pdE,
0 1-940

= J1®E(p).

43



Then it is evident that

[T =151 = [ILIf =1, Jzn = 2n,

and ||J — L|| < §. If we can find a contraction V' such that V' — G < § and

Vx| =1 for a large n, (Vz,,z,) = 5, then letting Z = V.J, we have that

|Zxn| = ||V Jzn| = 1, and that

(Zxp,xn) = (VIEy, €n) = Vi, x,) = 5,

1S=2| = [GL=VJ|

IN

IGL - GJ|| + [|GJ =V J||

< NGIIL =TI+ G = VI
_a,a

- 2 2

= Q.

To finish the proof, we now construct the desired contraction V. Clearly,

lim,, o (xp, G*2,) = B, because lim,, oo (Lx,, G*z,) = 5 and

lim ||z, — Lz,| = 0.
n—0o0

Let Gz, = ¢pnZn + OnYn, (Ynlzn, ||ynl] = 1) then lim, o ¢, = B, because

lim (Gzy, z,) = lim (z,,G*x,) =0

n—oo n—oo

but ||Gx,||? = [¢n]? + |on|? = 1, so we have that lim, o |0n| = /1 —|B]?.

Now for a > 0, there exists an integer M such that [¢p — 3| < §. Choose o8

such that 0%, = /T = [BI%, |om — @3] < 2. We have that

Gry = émam + vy — Bra + Brar — Opyn + @3 ym

(¢ — B)an + (oar — W) ynr + Brar + oSy
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Let g = Brm + @S yms
Gry = (¢ — B)oa + (om — 93 ym + qur.

Suppose that y Lz, then

Gy, Gy) = (6= B)ewm, Gy) + (onr — ©ar) (yar, Gy) + (aar, Gy)
= 0,

because G*G is a projection from H to RanlL. It follows that

«
aar, Gy)| < loar = BLIyI + loar — o3|yl < S llyll-

If we suppose that Gy = éqar +9°, (v°Lqar,) then 30 is uniquely determined

by y. Hence we can define V' as follows
Viam = qu, y =40 drm + omy = dan + omy’,

with both ¢, ¢ being complex numbers. V is a linear operator. We prove that

V is a contraction. Now,
Vaul® = llaml® = 181> = 13 * = 1,

IVyl? = 1GylI* — loyl* < IGylI* < llyll>-

It follows that
IVol? = lol* Vel + 1PVl < 161> + lel* = 1,

for each x € H satisfying that x = ¢z + oy, ||zl = 1, za Ly, which is
equivalent to that V is a contraction. From the definition of V, we can show
that

202 1,

|Gzr — Vau|]? = ¢ — B> + lom — o3> < 16~ 8%
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If yLlaas, |yl <1 then obtain

a
Gy = Vyll = 8lllVeull = Gy, Var)| = Kaur, Gyl < -
Hence for any = € H, = = ¢xpr + omy, |zl =1,

|Ga—Val® = (G~ V)ea + oG — Vgl

= oPIIG = V)zuml* + (G = V)yll?

2 2
2 & 2 &
< 191+ leP 2

012

< =
8

which implies that

«
(G =V)z|| <3, llzll =1,

and hence [|[(G = V)|l < §. Let S = V.J. Then S is what we want and this

completes the proof. O

Theorem 5.3.4. The set of operators S € B(H) implementing a norm-attainable

inner derivation, 0%, is uniformly dense in B(H).

Proof. Let a > 0 and S € B(H). It is clear that §) = 5%\/_/3 for any g € C.

From [?7?], there is a 8 € C such that 0 € Wy(S — 3) and
1651l = 116861l = 211 — BII.
From Theorem 5.3.3, there exists an operator Z € B(H) such that
1S =Bl =12l IS=8-2] <a

and there exists a vector n € H such that || Zn| = ||Z]|, (Zn,n) = 0. By Lemma
5.3.2, 0 is norm-attainable which is equivalent to that 67/, 5 is norm-attainable

and implies that
1S=(Z+B)=15-B-2Zl=2]S- 8] <
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Next we consider generalized derivations.

Theorem 5.3.5. Let S,T € B(H) If there exists vectors (,n € H such that

Il = linll = 1, IS¢l = ISIL N1 Tnll = |71 and 157(SC, ¢) = —qzq (T, m), then

(HSYT is norm-attainable.

Proof. By linear dependence of vectors, if 7 and Tn are linearly dependent,
ie., Tn = ¢||T||n, then it is true that |¢| = 1 and [(T'n,n)| = ||T||. It follows that
[{(SC,¢)| = ||S]| which implies that S¢ = ¢||S||¢ and |¢| = 1. Hence <%,C> =
o =— <\|TT77||777> = —¢. Defining X as X : 9 — ¢, {¢}t — 0, we have | X|| =1

and (SX — XT)n = ¢(||S]| + ||T']|)¢, which implies that
15X — XTI = [[(SX = XT)nll = |[S]| + [T

It follows that
ISX = XT|| = S| + || = |85
That is 5@5{ o is norm-attainable. If n and T are linearly independent, then

‘<H%’”,n>‘ < 1, which implies that ‘<\|STC\|’C>‘ < 1. Hence ¢ and S( are also

linearly independent. Let us redefine X as follows: X : n — (, HTTWH —
—%7 x — 0, where z € {n,Tn}+. We show that X is a partial isometry. Let
i = (i)
=)+ 7hs (1Al =1, hln.
1T NI

Since 1 and T'n are linearly independent, 7 # 0. So we have that

Xt =t ) Xn+7Xh=—( 7=-,( Y+ TXh,
17l N\ 151

. . . T _ S¢
which implies that <XH—T’7H, g> S <W c> (X, () = < s g>
It follows then that (Xh,({) =0 ie., Xh1((¢ = Xn). Hence we have that

H<||S| > :‘<||TT77|"> 2

T
=L +7* =1

+ |7 Xh|? = H
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which implies that || Xh|| = 1. Now it is evident that X a partial isometry and
I(SX —XT)¢|| = ||SX — XT|| = ||S||+ |||, which is equivalent to [|§}+(X)| =

IS||+ 1T So, 1687l = ISI + IT||. Hence, 6§ 5 is norm-attainable. O

Lemma 5.3.6. The set of operators S,T € B(H) which are implementing
a norm-attainable generalized derivation, (5@{7«, is uniformly dense in B(H) X

B(H).

Proof. Suppose either S or T' is a scalar operator for example T' = kI, for some
scalar k, then 6§ (X) = SX — X«I. Clearly, ||6¢ || = [|S — £]|. From Theorem
5.3.3, for @ > 0, there exists an operator C' € B(H) and a vector {( € H such
that ||C¢|| = ||C|| and ||S — & — C|| < a. Let Z = C + kI, Ty = &I. Therefore,
we have that 6%, (X) = CX, V X € B(H). Let P be the projection on
{¢}. Then |67 1, (P)|| = || P||, which implies that 63 ;, is norm-attainable and
(S, T) — (Z — Tp)|| < a. Suppose neither S nor T is a scalar operator, then

there is a complex number § such that
1571l = 1S = Bl + 1T — Bl

T-8
and Wy (HS BH)QWO (”T ﬁ\l) is nonempty. Let v € Wy (”S BH)HWO (m> .
Then for a > 0, from Theorem 5.3.3, there exists Z and Ty and (,n € H such

that 1 Z]) = |Toll = 1, <] = linll =1 — 2| < 501887 ]l +1) and

=
HS—BH
|55 = T < 301681 + 1), with

1Z¢lt= 1121l 1 Tonll = [1Toll, (Z¢,¢) = v, (Ton,n) = —
Let Zo = |5 = B2, Too = 1T BITy. Then {#5,¢) =v = — ({24, n) . By
Theorem 5.3.5, 6% 5, = is norm-attainable. But we have that [|S — 8 — Zo| < §

and ||T — B —Tool| < § hence ||(S,T) —(Zo+ 5, Too +B)|| < a, and 5£VZo+ﬂ,Too+B)

is norm-attainable.
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O

Theorem 5.3.7. Let S,T € B(H) If both S and T are norm-attainable then

the basic elementary operator Mé\fT is also morm-attainable.

Proof. For any pair (S,T) it is known that [|Mg || = [|S|||T]. We can assume
that ||S]| = ||T|| = 1. If both S and T are norm-attainable, then there exists unit
vectors ¢ and 7 with ||SC|| = ||Tn|| = 1. We can therefore define an operator X
by X = (-,Tn)¢. Clearly, || X|| = 1. Therefore, we have |[SXT| > ||SXTn| =
I Tn|[2S¢|| = 1. Hence, |[ME ,(X)| = [|SXT| = 1, that is M ;. is also norm-

attainable. O

Theorem 5.3.8. Let S,T € B(H) If both S and T are norm-attainable then

the Jordan elementary operator Z/lé\,'T is also norm-attainable.
Proof. The proof is analogous to that of the previous Lemma. O

As a remark, we give the following proposition on norm-attainable general ele-

mentary operator.

Proposition 5.3.9. An operator Tz 7(X) = Sor SiXT;, is said to be norm-
attainable if there is a contraction X in the wunit ball, (B(H))1, such that
1 T5.7#(X)| = I3 7, where S =(S1,..,8,) and T = (Ty,...,T,) are n-tuples

in B(H).
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Chapter 6

FUNCTION SPACES

6.1 Introduction

It is well known that Hankel operators constitute a very important class of op-
erators in spaces of analytic functions. The study of these operators on different
analytic spaces is not only motivated by the mathematical challenges it raises,
but also by many applications on applied mathematics and in physics (see for
example [96] for more information). In this chapter, we are interested on the
boundedness and the compactness problem of the little Hankel operator with
operator-valued symbols on weighted vector-valued Bergman spaces on the unit
ball.

Throughout this paper, we fix a nonnegative integer n and let
C"=Cx-.--xC
denote the n—dimensional Euclidean space. For
Z:(Zl,"'azn); w:(wl,...’wn)’
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in C™, we define the inner product of z and w by

<va> :leil"_"_znwin?

where wy, is the complex conjugate of wy. The resulting norm is then

2l = V(z2) = VIaP + -+ [

Endowed with the above inner product, C™ become a Hilbert space whose canon-

ical basis consists of the following vectors
e1 =(1,0,---,0), e2=(0,1,0,---,0), ---, e, =1(0,---,0,1).
The open unit ball in C™ is the set
B, ={z€C":|z| <1}.
When o > —1, the weighted Lebesgue measure dv,, in B,, is defined by
dve(2) = ca(1 — |2]2)*dr(2), z€B,

where dv is the Lebesgue measure in C" and

F'n+a+1)
nII'(a+ 1)

Co =

is the normalizing constant so that dv, becomes a probability measure on B,,.
A function defined on the unit ball B,, will be called a vector-valued function
when it takes its values in some vector space. If X is a complex Banach space, a
vector-valued function f : B,, — X (a X-valued function) is said to be strongly

holomorphic in B, if for every z € B,, and for every k € {1,--- ,n}, the limit

b L) = 1(2)
A—0 A

exists in X, where A € C—{0}. The space of all X —valued strongly holomorphic

functions on B,, will be denoted by H(B,,, X). We will also denote by H>(B,,, X)
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the space of all bounded X-valued holomorphic functions. Let X™* denotes the
space of all bounded linear functionals z* : X — C (the topological dual
space of X). We say that a vector-valued function f : B, — X is weakly
holomorphic if for every x* € X*, the scalar-valued function z*(f) : B,, — C
is holomorphic in the usual sense. An important result by N. Dunford ([90])
shows that a vector-valued function is strongly holomorphic if and only if it is

weakly holomorphic.

6.1.1 The conjugate X of the complex Banach space X

We will use the following definition and notation which can be found in [94].

Let x € X, 2* € X* and A € C. We have the following identities

<)‘$7x*>X,X* - A<.’L‘,$*>X7X* - <xa)‘x*>X,X*a

so that we have a regular rule of an inner product. The complex conjugate T of

x € X, is the linear functional on X™* defined by

Z(x*) = (2, 2%) x x+s
for every x* € X*. Therefore,
X={z:2€X}

is called the complex conjugate of the Banach space X. With the norm defined

by
[Z]l == sup |z(a")],
lo*flx- =1
X becomes a Banach space. Moreover, we have that ||z||x = ||Z||5 for any

x € X, so that X and X are isometrically anti-isomorphic.
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6.1.2 Vector-valued spaces

In the sequel, we will integrate vector-valued measurable functions in the sense
of Bochner (see [90] for more information). Let X be a complex Banach space.
A measurable function f : B, — X is Bochner-integrable with respect to the

measure v, in the unit ball B,, if and only if the Lebesgue integral

1o = /B 1F()lxdva(2)

is finite. For 0 < p < oo, the Bochner-Lebesgue space L? (B,,, X') consists of all

vector-valued measurable functions f : B,, — X such that

VAL o = / 1£(2) edva(2) < oo,

The vector-valued Bergman space AP (B,,, X) is defined by

AP (B, X)=LP

Vo

(B, X) N H(B,, X).

The weak Bochner-Lebesgue space L2 (B,,, X) consists of all vector-valued

measurable functions f : B, — X for which

1fllg>@,.x) = (iglg ANro ({z € Bn : [ f(2)llx > A}))l/p < o0.
The weak vector-valued Bergman space A2>°(B,,, X) is defined by
AP (B, X) = H(B,, X) N LE>(B,, X).
Let X,Y be two complex Banach spaces and @ > —1. We have the following
two lemmas whose proofs can be found in [94].

Lemma 6.1.1. Let T : X — Y be a bounded linear operator. If f : B, — X
18 vo— Bochner integrable in the unit ball, then Tf : B,, — Y is v,—Bochner

integrable in the unit ball and we have

/B Tf(z) =T ( /B e (2)) |
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Lemma 6.1.2. If f : B, — X is a v,-Bochner integrable vector-valued func-

tion in the unit ball, then the following inequality holds

f(2)dva(z)

e / @)

6.1.3 Vector-valued Lipschitz spaces and vector-valued -

Bloch spaces

The radial derivative of a vector-valued holomorphic function f : B, — X

denoted N f is defined for z € B,, by

Nf(z):= sza—f_(z). (6.1.3.1)

Let f € H(B,,X) and

=> fu(2), z€B,
k=0

the homogeneous expansion of the function f where f; are homogeneous holo-
morphic polynomials of degree k with coefficients in X. For any two real pa-
rameters « and t such that neither n + « nor n 4+ o+t is a negative integer, we

define an invertible operator R*! : H(B,,, X) — H(B,, X) as

o0

Z F'n+l+a)l'(n+1+k+a+t)

a,t
R Pn+l4+a+t)n+1+k+a)

Fo(2), (6.1.3.2)
=0

where z € B,, and T is the classical Euler Gamma function. For v > 0, we denote
by I'y(B,,, X) the space of vector-valued holomorphic functions f : B,, — X

for which there exists an integer k > - such that
1f1ly.x = [[F(O)lx + Sup (1= [z IN*F(2)llx < oo,

where N¥ = NoNo ..o N k—times. The definition of the space I, (B,,, X)

is independent of the integer k used. The space I'y(B,, X) will be called the
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vector-valued holomorphic Lipschitz space and for v = 0, we write B(B,,, X) =
Lo(Bp,X). It is clear that f € B(B,,X) if and only if f is a vector-valued

holomorphic function and

1flls@,.x) = [1F(0)]x + sup (1= zP)INf()llx < oo

That is, B(B,, X) = I'y(B,, X) is the vector-valued Bloch space. The vector-
valued y-Bloch space B, (B,, X) for v > 0, is defined as the space of vector-

valued holomorphic functions f € H(B,,, X) such that

sup (L= [z)VINF(2)]x < oo

The little vector-valued y-Bloch space B, o(B,,, X) for v > 0, is the subspace of

B, (B,,, X) consisting of functions f such that

Jim (1= A2 IV x =0.

It is easy to see that Bi(B,,X) = B(B,,X). Therefore, the vector-valued -
Bloch spaces with v > 0 generalize the vector-valued Bloch space. Let v >
0. The generalized vector-valued Lipschitz space A, (B,, X) consists of vector-
valued holomorphic functions f in B, such that for some nonnegative integer

k > v, we have
£ 1A Ba,x) = sup (1 — [/ Y RUFf(2)||x < oo
z€B,
We consider the following norm on the generalized vector-valued Lipschitz space

A’Y(BnaX) by

1116y (8,3 = sup (L= [2[)* T ROF f(2)]|x,

z€Bn
where k > 7 is a nonnegative integer. Equipped with this norm, the gener-

alized vector-valued Lipschitz space Ay (B,,X) becomes a Banach space. The
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generalized little vector-valued Lipschitz space A, o(B,,X) is the subspace of

A, (B,, X), which consists of functions f € A,(B,, X) such that

lim (1 —[2)*7[|R** f(2)] x = 0. (6.1.3.3)

|z|—1
When v = 0 and k = 1, then Ayg(B,,, X) = B(B,,, X). It is also important to note

that as in the classical case, when 0 < v < 1, we have A,(B,,, X) = B1_(Bn, X).

6.1.4 Little Hankel operator with operator-valued symbol

Given two complex Banach spaces X and Y, we denote by £(X,Y) the space of

all bounded linear operators T': X — Y endowed with the following norm

ITlzcx,yy = sup [|Tx|ly = sup KTz, y")y,y+l,

=l x=1 lzllx=1,lly*lly~=1
where T' € £(X,Y). Then £(X,Y) is a Banach space. We consider an operator-
valued function b : B, — £(X,Y) and we suppose that b € H(B,,, L(X,Y)).
The little Hankel operator with operator-valued symbol b, denoted hy, is defined

for z € B,, by

hof(z) = /Bn i b<(:j)u{>()wn)+l+adua(w), f e H>®B,,X).

In the sequel, we will assume that the symbol b satisfies the following condition

||b(w)||5(§ Y)
/IB" 1= (7, w)|rHi+a dvg(w) < oo,  for every z € B,. (6.1.4.1)

It is easy to check that if b satisfies (6.1.4.1), then the little Hankel operator A,

is well defined on H*(B,,, X).

6.1.5 Problems and known results

The boundedness properties of the little Hankel operator in the classical case

(that is, when X =Y = C) have been extensively studied and many results are
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now well known. For the case n = 1, important references are [89] and [99]. For
n > 1, a complete characterization has been obtained by Aline Bonami and Luo
Luo in [87] when p < ¢. In 2015, Pau and Zhao [95] solved the case 1 < ¢ <
p < 0o. Indeed, they showed that if b is a holomorphic symbol, the little Hankel
operator h; extends to a bounded operator from A2 (B,,C) into A%(B,,C),
with 1 < ¢ < p < o0, if and only if the symbol b belongs to the weighted
Bergman space A!, (B,,, C) where 1/t = 1/q—1/p. We are here concerned with the
question of characterizing the operator-valued holomorphic symbols b for which
the little Hankel operator hj extends into a bounded operator from A? (B,,, X)
into A%(B,,,Y) where 0 < p,q < co. In [84] Aleman and Constantin solved this
problem for the particular case n = 1, p = ¢ = 2 and X = Y = H where
‘H is a separable Hilbert space. They showed that the little Hankel operator
hy extends into a bounded operator from A2 (B,,,H) into A%(B,,H) if and
only if the symbol b belongs to the Bloch space B(B,,, L(H)). Constantin also
obtained in [88] that the little Hankel operator h; is a compact operator from
A% (B,,,H) into A2 (B, H) if and only if the symbol b belongs to the little vector-
valued Bloch space By(B,,, K(H)). Their results extend clearly the one known
in the classical case (when H = C). In [94], Oliver solved this problem in the
case 1 < p,q < oo. Mainly, he showed that for 1 < p < oo, the little Hankel
operator h;, is bounded from AP (B,,, X) into AP, (B,,,Y) if and only if the symbol
b belongs to the vector-valued Bloch space B(B,,, £(X,Y)) and this result clearly
generalizes the one obtained by Aleman and Constantin in [84]. Moreover, for
1 < p < ¢ < o0, Oliver showed that the little Hankel operator hy, is bounded from
AP (B, X) into AL(B,,Y) if and only if the symbol b belongs to the y-Bloch

space By (B, L(X,Y)) withy = 1+(n+1+a) (% - %) .Alsoforl < ¢ <p < oo,
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Oliver showed that the little Hankel operator hy is bounded from AP (B, X)
into A4(B,,,Y) if and only if b € AL (B,, £(X,Y)), with 1/t = 1/q — 1/p, which
generalizes the main result in [95]. We are also concerned here with the question
of characterizing the operator-valued holomorphic symbols for which h; extends

into a compact operator from AZ(B,,, X) into A% (B,,Y) where 1 < p < ¢ < 0.

6.1.6 Topological duals

Let X be a complex Banach space and 0 < p < 1. The topological dual of the
Bergman space A? (B,,, X) can be identified with the Lipschitz space I, (B,,, X*)

as follows:

Theorem 6.1.3. Let 0 < p < 1. The space (AL (B,,, X))* can be identified with

L\ (B,,X*) withy=(n+1+ «) (%} - 1) under the pairing

(f,9)ax = Ck/ (f(2), Drg(2))x,x- (1 = |21*) dval(2), (6.1.6.1)

B,
where Dy, is defined by (6.2.1.1), k > ~, is an integer, g € I'y(B,, X*) and

f e AR (B, X). Moreover,

HgHFW(]B%mX*) = sup |<fvg>a,X|~

Hf”Ag(Bn,x)zl

Before stating the next results, we need to make another assumption on the
operator-valued symbol b. More precisely, we assume that the operator-valued

holomorphic symbol b satisfies the following condition:

1
/B 15 e .y log <1|22> dva(2) < 0. (6.1.6.2)

Let X and Y be two complex Banach spaces. Our contributions to the
boundedness problem of the little Hankel operator with operator-valued symbol

for 0 < p,q <1 are the following :
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Theorem 6.1.4. Suppose 0 < p <1, and o > —1. If the little Hankel operator
hy extends to a bounded operator from AE(B,,X) into AL(B,,Y) for some
positive ¢ < 1, then the symbol b is in I',(B,,L(X,Y)) with v = (n + 1+
@) (% - 1) . Conversely, if b is in Ty(By, L(X,Y)) withy = (n+1+a) (% - 1) ,
then the little Hankel operator hy : AP (B,,X) — AL>®(B,,Y) is a bounded

operator.
As a direct consequence, we have the following result:

Corollary 6.1.5. Suppose 0 < p < 1, and a > —1. The little Hankel operator
hy extends to a bounded operator from AE(B,,X) into AL(B,,Y) for some

positive ¢ < 1 if and only if its symbol b belongs to T (B, L(X,Y)), where

v:(n—i—l—ka)(%—l).

Theorem 6.1.6. Let0<p <1, a>—-1andy=(n+1+a) (% - 1) . The little
Hankel operator extends to a bounded operator from AP (B,, X) into AL (B,,Y)

if and only if for some integer k > =,

C 1 -1
k
IN*b(w)|| £ 5.y < T el (log — |w|2> weEB,. (6.1.6.3)

Theorem 6.1.7. Suppose 1 < p < q < oo. The little Hankel operator hy :
AP (B, X)

— A4(B,,,Y) is a bounded operator if and only if b € Ay, (B, L(X,Y)), where

'yo:(n+1+a)(1—1).

p g

Moreover, ||hyl| a7 (B, x)— A% B, v) = HbHA,YO(IBn,LZ(Y,Y))‘

If X,Y are reflexive complex Banach spaces, then we have the following

theorem

59



Theorem 6.1.8. Suppose that 1 < p < q < oo, and o« > —1 The little Hankel

operator hy : AP (B,,, X) — AL(B,,Y) is a compact operator if and only if
be Ay oB,,KX,Y)),

where Ay, 0By, K(X,Y)) denotes the generalized little vector-valued Lipschitz

space and o = (n+ 1 + «) (% - %) , see (6.1.3.3).

6.1.7 Vector-valued holomorphic functions

In Section 2, we recall some preliminary notions on vector-valued holomorphic
functions and we also give the proofs of some important results. Section 3 con-
tains the proof of Theorem 6.1.3 on the dual of the vector-valued Bergman space
AP (B,,, X) for 0 < p < 1. In Section 4, we give the proof of Theorem 6.1.4 and
Corollary 6.1.5. In Section 5, we give the proof of Theorem 6.1.6. In Section 6,
We first give some preliminaries results to prepare the proof of Theorem 6.1.8.
We recall the result by Oliver [94] of the boundedness of the little Hankel op-
erator with operator-valued symbol h; from AP (B,,X) into A%(B,,Y), with
1 < p < g < oo and we generalize it. In the same section, we give the proof of

Theorem 6.1.8.

Throughout this chater, when there is no additional condition, X and Y will
denotes two complex Banach spaces, the real parameter o will be chosen such
that @ > —1 and ¢ will be a positive constant whose value may change from
one occurrence to the next. We will also adopt the following notation: we will
write A < B whenever there exists a positive constant ¢ such that A < ¢B. We

also write A ~ B when A < B and B < A.
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6.2 Vector-valued Bergman projection and inte-

gral estimates

Here we give some definitions and notations which will be used later and can
be found in [94] and [87].
For f € L!(B,,X) and z € B, the Bergman projection P,f of f is the

integral operator defined by

Paf(z) = / Ko (2 w) f (1) v (1),
1

where K, (z,w) := is the Bergman reproducing kernel of B,,.

(= (ew)) e

In this situation, P, f is also a X-valued holomorphic function.

Lemma 6.2.1 (Density). Suppose that 0 < p < oo. Then the space of all

bounded vector-valued holomorphic functions H>® (B,,, X) is dense in AP (B,,, X).

Proof. We are going to give the proof for 0 < p < 1, since the case 1 < p < oo
is [94, Lemma 2.1.4]. Given a function f € AP (B, X), let f, defined for z € B,
by fo(2) := f(pz), where 0 < p < 1. The function f, is holomorphic in the set
{z € B, : |z] < 1/p} hence is bounded on B,,. We first recall that the integral

means
My(r, f) = / 1 OIdo(0),  0<r<l

are increasing with r, see [98, Corollary 4.21]. Since M,(r, f,) = My(pr, f), we

have by Minkowski’s inequality that
My (r, fp = f) < MP(r, ) + Mi(r, fp) < 2MJ(r, f).
By the formula of [94, (1.1.1)], (integration in polar coordinates formula) we get
1
1f = folly o x = 2nca/ MP(r, f, — f)(1 = r?)%?" " dr. (6.2.0.1)
0
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Since f € AL (B, X), we have that the function MJ(r, f) is integrable over the
interval [0, 1) with respect to the measure 2n(1 — 72)*r?>"~1dr. It is also clear
that f, — f on any compact subsets of B,, which implies that M2 (r, f,— f) — 0
for each r € [0,1) as p — 1. Applying the dominated convergence theorem in

(6.2.0.1), we obtain that [|f — fol[? , x — 0, as p— 1. O
Corollary 6.2.2. For 0 < p <1, the following inclusion is dense

A% (B, X) C A2(B,, X).
Proof. The proof follows directly from Lemma 6.2.1. O

n [86], Oscar Blasco obtained the duality theorem for the vector-valued
Bergman spaces in the unit disc B; without any restriction on the Banach

space. The proof also works for the unit ball B,,. The result is stated as follows:

Theorem 6.2.3 (Duality). Suppose 1 < p < co. The dual space (A2 (B,,, X))*
can be identified with Ag (B,,, X*), where p’ is the conjugate exponent of p given

by % + 1% =1, under the integral pairing defined by

(. ghax = / (), 9(2)) x.x- dva(2), (62.0.2)

n

for any f € AL (B, X), g € A% (B, X*).
Remark 6.2.4. Suppose 1 < p < oo. If X is a reflexive complex Banach space,
then the vector-valued Bergman space AP (B,,, X) is a reflexive Banach space.

The following reproducing kernel formula also holds for vector-valued Bergman

spaces. The proof can be found in [94, Proposition 2.1.2].

Proposition 6.2.5. Let f € AL(B,, X). We have




for any z € B,,.

We have the following pointwise estimate on the vector-valued Bergman

spaces. The proof can be found in [94].

Theorem 6.2.6. Let 0 < p < co. Then

||f |p7aX
( | | )(n+1+o¢

1 (=)l x

for any f € A2 (B,, X) and z € B,,.

The following lemma is critical for many problems concerning the weighted
vector-valued Bergman spaces AP (B, X) whenever 0 < p < 1 and will be

extensively used.

Lemma 6.2.7. Let 0 <p < 1. Then

/]B 1 ()lx (1= [z D g (2) < I f panx
for all f € A2 (B,,, X).

Proof. Write

1F ) x = IF I

and estimate the second factor using Theorem 6.2.6. The desired result follows.

O
The following technical result is proved in [87, Lemma 3.1]

Lemma 6.2.8. Let 5,6 > 0. For all w € B,,, we have

o= | ()

where C' is independent of w and log is the principal branch of the logarithm.

o
(1 —[w[*)”
11— (z, w)[n+i+ats dva(z) < C,

n
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In the sequel, we will also need the following lemma which the scalar version

can be found in [91].

Lemma 6.2.9. If 0 < q < 1, then the identity i : L, (B,, X) — L4 (B, X)
is continuous in the sense that there exists a constant C(q) > 0 such that for

every f € LL°(B,,, X), we have

[fllg.0.x < C@OIf 1=, x):

The following result will be very useful in many situations. A proof can be

found in [98].

Theorem 6.2.10. For $ € R, let

— (1 — |w]*)*dr(w)
I,5(2) .—/B T (2, w) ¥t z € B,.

(7) If B =0, there exists a constant C > 0 such that

I, 5(2) < Clog z €B,.

1—[2?’

(i) If B > 0, there exists a constant C' > 0 such that

1

< -
Ia,ﬁ(z) — C(l _ ‘Z|2)’8’

z €B,.
(#91) If B <0, there exists a constant C > 0 such that

Ia’g(z) <C.

6.2.1 Differential operators and equivalent norms for I',

Given a positive integer k, we define the differential operator Dy, by

D= @I+ N)o(3I+N)o...o((k+1)I+N), (6.2.1.1)
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where [ is the identity operator and N is the differential operator given in

(6.1.3.1).

In the sequel, we denote by P(B,,, X) the space of all vector-valued holomor-
phic polynomials. The proof of the following lemma is similar as in the scalar

case in [93].

Lemma 6.2.11. For all f € P(B,,X) and g € P(B,, X*), we have the follow-

ing identity

/ F2) (N xx-dvalz) = c / (F(2), Dig(2)) x.x- (1 — |22 odva(2),
B, B

n

where ¢y s a positive constant depending only on the integer k. The above iden-
tities are wvalid for vector-valued holomorphic functions when both sides make

sense.
The following lemma will be very useful in the sequel.

Lemma 6.2.12. Let {ar} a sequence of positive numbers. For any positive

integer k, let My, the differential operator of order k defined by
My, :=(apI + N)o (a1I+ N)o...o(ap—1I+ N).

Then a vector-valued holomorphic function f belongs to I',(B,, X) if and only

if there exists an integer k > v such that

sup (L= 2" [ Mf (=) x < oo
z€By

Proof. Let us assume first that f € I'y(B,,, X), and we prove the desired estimate
on Mj. By assumption, there exists an integer k > v and a positive constant C'
such that

IN*f(2)llx < C(1—[2*)77F,
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for any z € B,,. It is enough to prove that the following inequality
INf(2)lx < C(1—|2?)77F,

holds for 0 < j < k, since the assumption give the case j = k. For g € H(B,,, X)

and z = rz’, where r = |z|, and 2’ is in the unit sphere. We have
Ng(rz') =ro.g(rz').

Thus,

a(r) - g(2'/2) = / No() 2.

Now, for g € H(B,,, X) such that [|[Ng(2)||x < C(1 — |z|?)"~*. We have that

lg(rz') — g(='/2)lIx

IN

2 [ INg(s2')xds

IN

4C’/ (1—s%)""*sds
2

= 720/ —25(1 — s*)7"kds

2

-2C "
_ 1 — 2)7—k+1
—-2C 1
_ 1— 2\v—k+1 _ 1— = ~y—k+1 .
k1 {( ) (1=7)
Now, if v — k+1 < 0, then
! ! —2C 2\v—k 2\y—k
lotrs) =gl /2)lx €~y (11377 = Ciy (1= =7

Ifvy—k+1>0, then

lotr) — a2l < e {a- g -y

y—k+1 4
2C 1
< 1_7’yfk:+1:O/
- 7—k+1( 7 ky

< Cry(1 =127,

where the last inequality is justified using the fact that (1 —|z|?)"~%F > 1. It
then follows that

lg(2)[|x < C(1— |2*)*F.
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Now, we use this fact inductively for ¢ = N*f, then ¢ = N¥1f, ... to
conclude. Conversely, assume that there exists an integer k > v and a positive

constant C such that
IMif(2)llx <CQ— |z,

for any z € B,. To conclude, it is sufficient to prove that for a fixed positive

real a, the inequality
lag(z) + Ng(2)[x < C(1—|2*)7* (6.2.1.2)
implies the inequality
INg(2)|x <O~ [2*)",

for any function g € H(B,,, X). Choose a real § such that §+v—k > —1. By

the assumption (6.2.1.2), we have that

[ Nagt) + No(@lx (1~ 2% au(z) < o

n

Thus, for any z € B,,, we have

0gz) + No(e) = [ HHIESICI (1 - v

Then, differentiating under the integral sign, we obtain that for all 1 < ¢ < n,

we get

(1~ |w[*)?dv(w).

0, lag(z) + Ng(2)] = (n+ 1+ B)es /B [?f(i” )<z+ gf(fﬁfg

Therefore,

N (ag(2) + Ng(2)) = (- 1+ 8)cy [ T RILIEL) ey,

B, (1= (zw))+2+s
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Applying (6.2.1.2), and Theorem 6.2.10, we get that for all 1 <i <n,

(1 _ |w‘2)77k+ﬁ
1— <Z7w>|”+1+7_k+5+(k_7+1)

[N (ag(2) + Ng(2)) lx < CCﬁ/lB dv(w)

n

IN

C(1 = |27

Thus, the derivative of ag(z) + Ng(z) is bounded by (1 — |2]?)7=*~1. So, to
prove the inequality above, we are reduced to consider smooth functions ¢ of

one variable r € [0, 1), and to prove that the inequality
W' (r)lx <O —r) =,
with ¥ (r) = a¢(r) + r¢’(r), implies that
lr¢(r)|x < C(1—7)7~*

(here, ¢(r) = g(rz’)). Now, differentiating 1, we obtain ¢’'(s) = (a + 1)¢'(s) +
s¢”(s). Multiplying both sides of the previous inequality by s%, we obtain that
54 (s) = (a + 1)s%¢/(s) + s9H1¢"(s) = [sa“qb’(s)]/. Then integrating the
equality above on [0, r], we obtain that

8(0) = o [ V(e

Therefore, the desired estimate follows at once, since k > ~. O

Remark 6.2.13. We shall use extensively this lemma for two particular classes
of differential operators: first the class Dy, then the class Ly, corresponding to

the choice a; = n + a + j + 1. For this choice, we have

n+a+j+1

(ajl +N)(1 - <Z7w>)_n_a_j_1 = (1—(z w>)n+a+j+2’

and inductively,

Ck
(1 _ <Z, w>)n+o¢+k+1 :

Li(1 — (zw)) " =
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The proof of Lemma 6.2.12 allows us to define an equivalent norm of f in
terms of My f. Particularly, we will write the equivalent norms of f in terms of

Dy f and Ly f. More precisely, we have the following result:

Corollary 6.2.14. Let Dy a differential operator of order k defined in (6.2.1.1)
and Ly a differential operator of order k defined in Remark 6.2.13. For vector-

valued holomorphic functions, the following assertions are equivalent:
(1) f €T, (B, X).
(2) There exists an integer k > 7 such that

sup (L == D f ()] x < oo
zeB,

(3) There exists an integer k >~ such that

sup (L= =" L f(2) [l x < oo
zeB,

Moreover, the following are equivalent

1

£l .0, %) 1 (O)llx + Sup (1= [ D f ()] x

1

I (O)llx + Sup (1= =)Lk f(2) -

The proof of some of the results obtained in this paper will be based on the
following lemma. A proof is in [94], but for the sake of completeness, we will

recall the proof.

Lemma 6.2.15. Let f € H®(B,,, X) andg € H®(B,,,Y™*). Ifb € H(B,,L(X,Y))

is such that (6.1.4.1) and (6.1.6.2) hold. Then we have

(. gy = / BT 9(2))yy-dve(2). (6.2.1.3)

Bn
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Proof. Let f € H*(B,,X) and g € H*(B,,,Y™). By the definition of (-,")a v,

Fubini’s theorem, Lemma 6.1.1 and the reproducing kernel property, we have:

() g)ay = / B (£)(2), 9(2)) vy dvial2)

_ b(w)(f (w))dve (w) . -
a »/BH<AH (1— <Z,u}>)n+1+a ’g( )>Y,Y*d Oz( )

b(w dv, (w
/ 9(z) </IB ((1 —)({( )>))n+1(+a)> dve(2)
L {2 Yo

/Bn </IBn (1- <ui(§>))n+1+a dua(z)) (b(w)(m)) dve (w)

= /Bn g(w) (b(w)(m)) dve(w)

= /B(b(w)f(w),g(w)>Y,Y*dVa(w)-

It remains to show that the assumption of Fubini’s theorem is fulfilled. Indeed,
since f € H*®(B,,X) and g € H*(B,,Y*), by Tonelli’s theorem, Theorem

6.2.10 and relation (6.1.6.2) we have that

(=) (bw) (Fw))
/IBn /IB%n g(l(z,w))n+1+2 dvg(w)dva(z) < / / |1|b z|1|uﬁ|:+);+ady (w)
</ Il o (11w|)

O

Lemma 6.2.16. Let f € H*(B,,X) and z € B,. For b € H(B,,L(X,Y))

satisfying (6.1.4.1) and (6.1.6.2), the function

_ f(w)
g=(w) := 1 — (w, z))nFi+a’

w € B,

belongs to H*(B,,, X) and the following identity holds:

W) = Cr [ L (@) @0)) dvasaw),

n
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where k is any positive integer and Cy, is a positive constant depending only on

k.

Proof. Tt is clear that g, € H*>°(B,, X). By the definition of the little Hankel

operator and the reproducing kernel property, we have

mNE = [ G w)

¢
= [ ww ( = §)Z+l+a+kdua+k<o) v (w)
([ e
5, \Jg, (1 = (G w)"*

_ C_l b(w)(gz(<>) U (w 5
- </ (A= (Coupyr e el >>d w(0)

n

- a'f L (MO G:D) dvasn(©)

) dua<w>> dvask(C)

The assumption of Fubini’s theorem is fulfilled. Indeed by (6.1.6.2), we have

/]Bn

that

dva1(C)
Y

b(w)(g-(¢))
/Rﬂ ( dvg (w)

I )

1600l 2.,
< ol [ gy e v (0
= Jgslloox / 16() 2.,
dVoHrk(C)
dv,,
g </ T {w, i ivars ) o)
1
< s b(w)|| = log ——— | dvo(w
< gl X/]B Ib( >||L(X,y>( g1_|w|2) (w)
<  0Q.
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6.3 The Proof of Theorem 6.1.3

Proof. We first suppose that g € I'y(B,,, X*), with vy = (n+ 1+ «) (% — 1) .

Given a positive integer k > 7y, we define the functional

Nyt AP (B, X) — C

£ Ag(f) = / (F(2), Dig(2)) x.x- (1 — [2[2)Fdva(2),

B

where ¢, is the positive constant in Lemma 6.2.11. It is clear that A, is linear
and is well defined on AZ(B,,, X). Indeed, let f € AP (B, X). By Lemma 6.2.7,

we have

[Ag (NI = ek

/B (F(2), Dig(2)) x.x- (1 — |22) dvan(2)

< Ck/B 1 () Ix 1Pxg(2) | x+ (1 = |21*) dva(2)
N C’“/ (1= =) IDrg(2) | x+ (1 = |2) (1 £ (2) | x dva (2)

B
< asw (1= R0 [ 0= I xdn()
S gl [ (0= 22)GH ) cdva(2)
S lglle, @, xo I fllpe,x-

We conclude that A, is bounded on A% (B, X) and || Ay || < ll9llr, @, x%)-

Conversely, let A be a bounded linear functional on A2 (B,,, X). Let us show
that there exists g € T'y(B,, X*), with v = (n + 1+ «) (1% - 1) such that
A = Ay. Since A2 (B, X) C A2 (B,, X) and A is bounded on A?,(B,,, X), A is also
bounded on A2 (B,,, X). Then by Theorem 6.2.3, there exists g € A2(B,,, X*)

such that

MO = [ 9 xxedvalo) (6.3.0.4)



for all f € A2(B,,, X). Since g € A%(B,,, X*), for any positive integer k, we have

Drg € A% (B, X*). Applying Lemma 6.2.11 in (6.3.0.4), we obtain that
a+k

AS) = Ck/B (£(2), Drg(2))x.x+ (1 — |2[*)*dva(2), (6.3.0.5)

n

for all f € A%2(B,, X). Now, we fix z € X, w € B,, and an integer k > ~. Let

(o)
(1= G )rreie™

f(z) =

z € B,.

By Theorem 6.2.10, we have that f € A2 (B,,, X). Proposition 6.2.5 and (6.3.0.5),

give us

A = a / (F(2): Dig(2))x e+ (1 — |22)Fdva(2)

n

1 — |w|2)k—7 ,
- / (G ! <Z,L>')n)+l+a+kx, Drg(2)) x . (1 = |2*) dva(2)

_ CaCk 2\k—y Dyg(z)

T Cath (1= fwl) <x’/n«xn (1= (w, z))ntitatk Wark(2)) x x
CaC _

= (1= [wP) (@, Deg(w)) o .-
Ca+tk ’

By Theorem 6.2.10, f € A2(B,,, X) and || f|p,a.x < ||zl x- Since z is arbitrary,
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by duality, we have that

[1Drg(w)||x- = S [(z, Drg(w)) x, x|
:Ele
Catk 1
= 2 sup | A (/)]

CaCh fa|x=1 (1 = |w|>)F=7

1

< .

> ellwet (1 | e
LAl

< [ S S

~ ||;j|l)1(p:1 (1 - ‘w|2)k_ﬂy ||x||X

< Al

(1= fw[?)k=

According to Corollary 6.2.14, we conclude that
g€ly(Bn, X*) and |gllr,@..x SIA

with v = (n + 1 + «) (% - 1) . To finish the proof, it remains to show that
(6.3.0.4) remains true for functions in AP (B,,, X') which is a direct consequence

of the density in Corollary 6.2.2. O

6.4 The Proofs of Theorem 6.1.4 and Corollary

6.1.5

In this section, we will give the proofs of Theorem 6.1.4 and Corollary 6.1.5.
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6.4.1 Proof of Theorem 6.1.4

Proof. First assume that h; extends to a bounded operator from A2 (B,,, X) to
AZ(BH,Y), with ¢ < 1. Let ||hy]| := ||hb||Aﬁ(]E§n,X)*>Ag(IBn,Y)' We want to show
that b € T, (B, £(X,Y)). Since hy : A2(B,,X) — A%(B,,Y) is a bounded

operator, we have by Theorem 6.1.3 that

({7 (f)s 9oy | S 1ol fllp.ax 19005 @, 7).

for every f € AE(B,,,X) and g € I'3(B,,,Y™), with 8 = (n+ 1 + ) (% - 1) .

Let v € X, y* € Y*, w € B,, and an integer k such that kK > v = (n+ 1+

1 * (1 —w)* :
a) (5 — 1) . Let g(2) = y*, and f(2) = = (z,w))”‘*‘l"“""’kx' It is clear that

[ € H®(B,,X) and g € I's(B,,Y™), with ||gllr,@,,y+) = [ly*[ly+. We also have

by Theorem 6.2.10 that f € A2 (B,,,X), with || f|lp,o,x S |lz|lx. Hence

({7 (f)s Goy | S 1ol ]l Tyl (6.4.1.1)
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Applying Lemma 6.2.15 and the reproducing kernel property, we have that

|{ho(f), 9>a,Y|

Thus,

[ (f)s @ay] =

1 — w27
/IB%n (b(2) ((1 j (z,z|1;>)n)+1+a+k x) ’y*>Y,Y*dVa(Z)

X

[, 0 (e ) ot

= (1= )

= =P [ e e Dy ()

e mwhe

(1 —Jw)*

Ck

et

(1w

Ck

(] =)

— w2
= R e 000 @)y

(1= wP)—

Ck

(6.4.1.2)

(L (0(w) (@)Y )y y |-

From (6.4.1.1), (6.4.1.2) and the fact that ||z|x = ||Z|+, we deduce that

(1= Jwf)t

(L (0(w) @) ")y y | S NlllZlxlly*[ly+- (6.4.1.3)

Since = and y* are arbitrary, we get that

sup (1= [ N Lib(w) vy S sl

That is, b € T (B, £(X. V%)) with By rcvyy) S sl
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Conversely, assume that b € T',(B,,, £(X,Y)) and let us prove that h; ex-
tends to a bounded operator from AZ (B,,, X) to AL>°(B,,,Y). Choose a positive

integer k > ~, and let f € H*(B,,, X). Taking ¢, (w) = = <,u{(:;))n+l+a , with

w € B,, and applying Lemma 6.2.16, Lemma 6.1.2 and the assumption we obtain

b(w) (f(w))
/B dvg (w)

o (L= (z )it 8

1hef(2)lly =

Y

= ¢ /]B%n Ly, (b(w)M) dvg i (w)

Y

Aotk (w)
Y

B Ly, (b(w)W)
cr /B n

(T (zw)y+ree

IN

Ly, (b(w) f (w)
o /]E (1i<<z,w>)n+1204 dve 41 (w)
Y

CkCotk / (1- |w|2)k77||Lkb(w)”£(?,y)|| (w) |l
B, |1 = (2, w)[rF1te

IN

(1= |w]*)dvq

Co

_ (1 — [w?)7[.f(w)]lx
||bHF,Y(IB§n,L(X,Y)) /]En |1 o <va>|n+1+a dl/a(U))

A

= bl @, ccxvy P 9(2),

where the reproducing kernel is justified by (6.1.4.1) and

to = [ QP @lx
Prg(z) /IB dve (w)

1= (z,w)[rtite

is the positive Bergman operator of the positive function g(z) = (1—|z|*)7||f(2)| x-
Now, let A > 0. We have that
va({z € Bu [hf()lly > A) < val{z € Bu sl o, vy P 9(2) > AD).

7



Since the positive Bergman operator P : L (B,) — LL>°(B,,) is bounded

(cf. e.g [85]), there exists a constant ¢ such that

c
va({z € Bn: ckllbllp, @, cxv)Pa9(z) > A < — gl .

ckllllir, (B,,L(X,Y))

CCL
= T”bHFW(Bmg(X,y))HgHL}X(Bn)'

Applying Lemma 6.2.7 to the function f, we get that

lglla e = / (1= |22 £(2) | x dva(2)

n

B /(1—IZ|2) DO £(2) | xdva ()

Bn

IN

I/

|p7a,X-

It follows that

Mao({z € Bt [lhof (2)lly > A}) S Ibllr, g, .ccxvy 1 fllpax

for all A > 0. Therefore, hy extends into a bounded operator from A? (B, X)

to AL®(B,,,Y) with

th”Ag(IB”,X)*)A};O"(B,,L,Y) < Hb”R,(IB%,,,L(Y,Y))‘

By density of H*(B,,, X) on AP (B,,, X), the proof of the theorem is finished. [

6.4.2 Proof of Corollary 6.1.5

Proof. Just apply Lemma 6.2.9 and the second part of Theorem 6.1.4 to con-

clude. O
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6.5 The Proof of Theorem 6.1.6

Proof. We first prove the sufficiency of the theorem. We assume that there

exists a constant C’ > 0 such that

c' 1 -1
(1—[w?)F (10g - |w2> '

Likewise by Corollary 6.2.14, we have that, there exists a constant C' > 0 such

IN*o(w)|l £ vy <

that

C 1\
[ Lib(w)l x5y < (1— [w2)F— <log 1-— |w|2) '

Applying Lemma 6.2.16 for any f € H*(B,,X), we get

b(w) (F(w)) [ L)
/B ( dvg (w) —ck/Bn ( dvgpr(w).

1= (z,w))nti+e 1= (z,w))Hi+e

Thus, by the assumption, Lemma 6.2.16 and Lemma 6.2.7 we have that

Ao fllay B, y) = / Ck/]B (Lklz( 1)1}(;;51 R Avarx(w)|| dre(z)
Y
< L’“b Efﬂla (1 — [o)*dve (w)dv (2)
Y

| Lgb
/ / |1| k ||z|:n)+(13;af( )||X(1_\w|2)kdya(w)dua(z)

- /B </B 11— (2, ij>|n+1+ad”a(z)> IZ&b(w)l| 2.3 1F (w) 2

(1 - Juf2)* e
< / <1°g1 = |2)”f( xRy (k’gl—w) |
- / 1 £(w)l]x (1 = w]?) v (w)

B,
= [ I D,

s s

|p,a,X~

Conversely, we assume that hy, extends into a bounded operator from AP (B,,, X)

to AL(B,,Y). Then for all f € H*(B,,, X) and g € B(B,,Y*), we have

1o (f); Gy | < [1Pollllfllp.o.xl9lBE, v +)- (6.5.0.1)
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We choose the particular function g(z) = y*, with y* € Y*. Applying Lemma

6.2.15, relation (6.5.0.1) becomes

_ ‘( [ M) 5), s

n

| 1)y ()

IN

1ollILf 1o, x [yl

Thus

< Aol fllp.a.xly™ [y (6.5.0.2)

/}B <b(2)m7 y*>y’y*dua(z)

for all f € H>*(B,,,X) and y* € Y*. Now, take x € X, y* € Y*, and an integer

k such that k > ~. Fix w € B,, and put

— w|2)e—
10 = i e+ a(e) = gl ~

where log is the principal branch of the logarithm. Since f € H*>*(B,,, X) and

g € B(B,,Y™), by relation (6.5.0.1), we have that

[(hofs Oay < [l ]]x [ly™[ly-- (6.5.0.3)

Applying Lemma 6.2.15 for those particular vector-valued holomorphic func-

tions f and g and using the fact that

log(1 — (w, 2)) = log(1 — \w|2) + log (1—<w,z>> ’
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we obtain

<h’bf7 g>a,Y

where ©(2)

1 — |w|?)e—7 N
= [ e e ) o8 = (e )y )

1—|w|?)*71o 1—(w,z))_ .
- </IB b(#) {( (1l)<w,z>)§£1+a<+k >)4 dva(2),¥")y,y-

n

_ b(2)(T)(1 — |w|?)* 7 log(1 — |w]?) 5
_ </B

(1 — (w, z))ntitathk d a(z)’y*>y,y*

o e [ o (Ao ),

= (=P os — ) [ R,

1 — |w|?)k= 1—(z,w .
YR ((1 s () ““’) al2).9")

= (1—|w®)F 7 log(1 — |w[*)(Ly (/B = <w,z>;n+1+a dva(z)> ,

+ </Bn b(2) (f(z) log (11__<|Zw7|“§>)> dva(2), ")y, y-

= (1= w7 log(1 — [wl*) (L (b(w) (@), ")y + </ b(2)((2)

IB?’I,

1_
= f(2) log< T —<f1;)1|g>> Therefore, we can write (hyf,g)a,y =

Il + IQ, with

Iy = (1= wl*) ™ log(1 — |w]*){Lx(b(w) (@), " vy~
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and

f=( [ G0 Dy

n

Applying Lemma 6.2.8 with 6 = p, and 8 = p(k — ), we obtain that

e = ([ Jos (=57
el ([ e (ﬂ‘_ﬁ;ﬁ)

According to the relation (6.5.0.2), we obtain the following estimation of I

P (1= v
11— (2, w)[p(n+i+ath) ||x||1)’(dya(z)>

Il

e 1 v
11— (2, w)|[n+i+atp(k—) dz/a(z)>

[T < [lhs|lll

pa x|V v+ S szl x |y v+

Since I1 = (ho f, §)a,y — I2, by the relation (6.5.0.3) and the previous estimates

on I, we have that

(L] < (o fs gay |+ L] S Ihslllle]x Iy [ly--

Since z € X, y* € Y* are arbitrary and ||z||x = ||Z||5, we get that

_ ]- — * bl *
1| = (1—|w[*)* 7 log <1_|w2> (L (b(w) (), ") vy +| < ClhwlllIZlxlly" [y

Since T € X and y* € Y* are arbitrary, we deduce that :

ILb(W)llexyy = sup (L (b(w) (@), y") vy~

1Zllx=1,lly*[ly+=1
C | 1 -1
O .
(1 — w1 [up

The desired result follows at once using Corollary 6.2.14. O

IN

6.6 Compactness of the little Hankel operator

In this section, we are going to characterize those symbols b for whch the little

Hankel operator extends into a bounded compact oparator from AP (B,,, X) to
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A4 (B,,,Y), where 1 < p < ¢ < oo and X,Y are two reflexive complex Banach

spaces.

6.6.1 Preliminaries notions

The proof of the following remark can be found in [94, Proposition 1.6.1]

Remark 6.6.1. Let t > 0. Then the operator R*? is the unique continuous linear

operator on H(B,, X) satisfying

Rot ( x ) _ T
(= Gy = A= Gt
for every z € B,, and z € X.
We will use the operator R*?, for t > 0, in the vector-valued Bergman space
Al (B, X) as follows:
Proposition 6.6.2. Lett >0 and f € AL(B,, X). Then

ot f w
B = | e v )

for each z € B,,.

The proof of the following proposition is not quite different to the proof in

[98, Proposition 1.15], but for sake of the completeness, we will recall the proof.

Proposition 6.6.3. Suppose N is a positive integer and « is a real such that
n+ a is not a negative integer. Then RN as an operator acting on H(B,, X)
is a linear partial differential operator of order N with polynomial coefficients,

that is

[m|
RVi(z) = Y pm(z)aasz (2),

meN” |m|<N

where each Py, is a polynomial.
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Proof. Let x € X and w € B,,. By using the multi-nomial formula

k!
(z,w)k = Z ﬁzmﬁm,

|m|=Fk

it follows that

_ <va> + <Z’w>)N
_ <Z7w>)n+1+a+N

xT
(1 = (z,w))rritety

N!'  (zyw)re (1 — (z,w))NF
k;l(N — k:)! (1 — <z7w>)n+1+a+N

N! wmx
mI(N — k)" (1= (2, w))ntitatk

z(1
(1
N
>
k=0
N N! k' w"x
Yo D i e
N
>
k=0
N
>
k=0

N! m OF
Z:: IR ((1

kHJ on+14+a+j)mI(N —

Therefore, there exists a constant ¢, such that

o () 5 X e e e

k=0 |m|=k

Thus

N o m 6k
:Z Z Cmk~” (()Zim

k=0 |m|=k

We will also need the following results whose proofs can be found in [94].

Lemma 6.6.4. Lett > 0. Then
/ PG = [ R (),
for all f € AL (B, X) and g € H*(B,,C).

Lemma 6.6.5. Lett > 0 and X a complex Banach space. Then

| 0 g@xxdnl) = [ (B G)06) x a2
B, Br,
N /Iaa (f(2), R*'g(2)) x,x+ dVate(2),
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for every f € AL(B,,X) and g € H®(B,,, X*).

Corollary 6.6.6. Suppose t > 0 and 1 < p < oo. If b € Ag/(IBn,E(Y, Y)),

where p' is the conjugate exponent of p, then the following equality holds

/ ()T 9(2))yy- dvaz) = / (RH()T(2), 9(2)) vy~ Vs (2)

n n

for f € H*(B,,X) and g € H*(B,,Y™).

In the sequel, we will need to interchange the position of the summation sym-
bol and the integral symbol in a particular situation. That is why we introduce

this lemma.

Lemma 6.6.7. Assume 1 <t < oo. Letb(z) = > 5cyn b(B)z" € AL (B, L(X,Y)).

Then

[ 06 (F@) it dvater = 3 [ 040) (7)) v ),

BEN™

for every f € H*(B,,, X) and y§ € Y* with ||y§|ly- = 1.

Proof. Since b(2) =35 b(B)2" € Al (B, L(X,Y)), we have that

t

lim bz)— Y, b(B):’ dvg(z) = 0.

N —oc0 B,

BEN”>‘B‘SN L(?,Y)
We have

/ < O S (f(Z)),y8> dva(2)| <
Bn BEN™:|B|<N Yy
[eo- > w@| il dvat) =
Bn BEN™:|BI<N L(X,Y)

/ b - S b 1£(2)xdvalz) <

Bn 66N"1|16|SN ,C(Y,Y)

t

/B bz)— Y. b(B)S’ dvg(z) — 0

BEN™:[BI<N ,C(Y,Y)
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as N — oo. Therefore, we have that

/be(z) (73) wi)vy-dva(z) = Jim- < > B (f(z)),y5>w

senTRI<n
R
- ngnmm%w /B (i (79) i)
_ gN:/ )),y3>w* dva(2).

O

In the following lemma, we compute the little Hankel operator when the

operator-valued symbol is a monomial.

Lemma 6.6.8. Suppose 1 < p < oo and v € N". If a, € L(X,Y), then for

every f(z Z cg?? € AP (B, X), we have
BENn

Y(n+1+a+|y—0|)
(y=B)T(n+1+a+ |7\)

hao f(2) = D ay(c)

BEN™, By

Proof. Since
= Z cp2’ € A2 (B, X),
BENT
and p > 1 by using [100, Corollary 4], it follows that

P

/ Z cg??|| dva(2) =0 as N — oo (6.6.1.1)
B

[BI>N+1 x

Firstly, let us prove that

Ypenn ar(@w? a, @’
/B dve (w) = Z/ dve(w) (6.6.1.2)

L (= (e w)) e

BENR B, (17< )

Let N € N. We have that

/

> penn ar (c5)wh — 2o 181<N a, (c5)w?
(@ (zw)riee

dv, (w)
Y

n
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B 2> N+1 0y (EE)w” d
= O G| )
n v
B Gy (E\B\ZNH(@)U)/B) 1
= T e | e
%
< ||av||L(Y,Y) sl g
S Ay Y. cpw’|| dva(w)
™ ||1B|>N+1 X
< ||%||LXY) sl 4
= (1= [2)rtite g Z cpw Va(w)
n (181> N+ .
P 1/p
||a7||LXY
S A priie / cpw?|| dvg(w)
Br \m>N+1 x

Therefore

/ > genn av Cﬁ)wﬁ 2o 181<N a(cg)w?

~ T el
is less than or equal to
oo ' "
Uy llo(X,Y) 8
1 =[]t ire /B > epuf| dva(w) | (6.6.1.3)
» || 181=N+1 x
By using (6.6.1.1) and (6.6.1.3), it follows that
> ay@w’ = > ay(Epu’
BeEN™ IBI<N
dvg, 0
e e e

Y

as N — oo, and so

> ay(@)wf > a, (@@t

BEN™ . [BISN
« = 1 «
/JBn 1— <ij>)n+1+ad’/ (w) et 5. (1— (2, >)n+1+ady (w)
a~ (C5)wP
= Jim Z / 1_V n+1+adu (w)
|ﬁ|<N
5
— Z / 17 n+1+adua(w),

BENn

which is the desired result. Secondly, let us prove that
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I'n+l+a+k ad I'n+l+a+k
/ Z )<7 kdl/a :Z/ )
I'n+1+ a)k! I'n+ 1+ a)k!

(z,w)*dve (w).

Bn k=0 —0 /B
(6.6.1.4)
Let N € N. We have
N N
Zrn+1+a+k)<z o < Zr(n+1+a+k)| L
= I'(n+1+a)k! ’ T Tlnt+1+a)k!
2 T(n+l+a+k)
< 2 A"
= F'n+1+ a)k!
B 1
(1 — [z])nttte
Since
1 1
S | - -
., T ) =
by the dominated convergence theorem, we have that
n+14+a+k) & B (n+14+a+k)
Z/ T(n+ 1+ a)k! (z,w) dve(w) = A}gHOOZ/ T(n+1+ o)k (z,w)
I'n+1+a+k)
o 1\}51100/ Z I'(n+1+a)k! (zw)
C(n+1+a+k)
SO e
T 1 k
= [ SRR
B, Fn+ 1+ a)k!
We are now ready to prove our lemma. For f(z) = Z cpz’ € AP (B, X), by

BeEN™
using the following multi-nomial formula ([98, (1.1)])

L
k _ m
(z,w)" = E EZ w
|m|=k
and the following formula ([98, (1.23)])

|2 miP(n+ a+1)
2" "va(z) = )
Bn [(n+|m[+a+1)
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we get that

ha,~f(z) = /]B pet dvg (w)

(1 — (z,w))ntite

w Z a(cg)w?
BEN™
- /JB (1 — (z,w))n+i+e dva (w)

uﬂa (c3)w?
= > / . ‘3n+1+adua<w) (by (6.6.1.2))

_ AN Lt l+atk)
Z @(% / Z F'n+ 1+ a)k! {2, w)"dva (w)

_ S n+1+a+k) )
- Z ay(c Z/ w” T(n+ 1+ a)kl (z,w)"*dvy (w) (by
BeEN? k=0

n

o0

Fn+1+a+k) N k!
— B . morTmy
Zawcb’z T(n+ 1+ )kl /}anw Zm!z wmdv, (w)

AeN™ =0 =k

o0

Fn+1+a+k) k!
- BZ a,(Cs kZ T(n+ 1+ )kl Z /uﬂwﬁz W v (w)
(S =0

8

Pln+1+a+k) s
- Z (%) Z Z I'(n+1+a)m! ./IB; w2 MWt dva (w)

BeN™ k=0 |m|=k

I'( 1 -
_ Za’ycﬁ Z 7’L+ +O¢+|m|)z /w”wﬁﬂndu()

pBENn meENn n +1+ )

- > s [
BeNm B<y L(n+14a)(y—p)

- Lltltatpy—F) Mhtl+ta) . 4
= Y 4% Tm+1+a)( —B) Tm+ltath)”

BEN™, By

— A8 1+ o+ =B8) 4



O

The goal of the following lemma is to prove that the linear span of the

.T*

(T fw, 2+

form a dense subspace in the vector-valued Bergman space Ag/ (B,,, X*), with

vector-valued Bergman kernel , where * € X* and z,w € B,

1 < p < oo and p’ is the conjugate exponent of p.

Lemma 6.6.9. Suppose that 1 < p < co. For each x* € X* and z € B,,, let

‘7)*

ez (W) = i <w,z>)"+1+‘¥; w € B,.

Then e, o« € Ag(Bn,X*) and the subspace generated by e, .~ is dense in

AP (B, X*).

Proof. Let ¢ € AP(B,,X) such that (¢,e,4+)a,x = 0 for all z € B,, and
¥ € X*. Let f* € Ag’ (B, X*). According to the Hahn-Banach theorem, it
suffices to prove that (¢, f*)o,x = 0. For all z € B,, and 2* € X*, using Lemma

6.1.1 and the reproducing kernel formula, it follows that

0 = <¢a ezw*)a,X

= / <¢(w),€z’w* (w)>X7X*dVa(w)
B,

B /IB%n <¢(w), (1 — <w, Z>)n+1+a >X,X*dVa(w)

-/ e o) oy edvat)

z,w))

= (9(2),27)x x+-

Therefore, for all x* € X*, we have

(9(2),2%) x,x+ = 0.

Thus ¢(z) = 0 for every z € B,,. It follows that for each f* € AZ' (B, X*), we
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have that

(6 F)ax = / (6(2), 1*(2)) x - dva(2) = 0.

IBTL

O

In the proof of the following lemma, we use the fact that when X is a reflexive
complex Banach space and 1 < p < oo, the dual of the vector-valued Bergman
space AP (B, X*) can be identified with A2 (B, X), where p’ is the conjugate

exponent of p.

Lemma 6.6.10. Suppose that 1 < p < oo, and X is a reflexive complex Banach
space. Let {f;} C AP (B, X) such that f; — 0 weakly in AE(B,,X) as j — oco.

Then for each B € N™, we have that 0° f;(0) — 0 weakly in X as j — oo, where

8 _ 918l
0 =35

Proof. Since for each j € N, f; € AE(B,,X), using the reproducing kernel

formula we have that

fi(w)
o= | ot z€B,
Differentiating both sides of the previous relation with respect to z, we obtain

VP
0°1i(2) = Clnau ) | fi(w) v (w).

s, (1— (z,w))n+1+atisl @

Therefore, we have

0% £;(0) = C(n,a, |5]) / £3(w) T dvg ().

Now, let z* € X* and let us show that (07 f;(0),2*) x,x- — 0 as j — oo. But
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we have that

@ F,0),c ) xx- = Clma|3) < / n fj(w)wﬂdz/a(w),z*>

X, X*

/ (fi(w), 2*w’) x x+dve(w)
B,

= <fjvg>o¢,X —0 as .7 — 00,
with g(z) = 2*2% € A2’ (B,, X*). Thus, (0P £;(0),2*)x x+ > 0asj—oo. O

We recall that the symbol b used in the following lemma satisfies (6.1.4.1)

and (6.1.6.2).

Lemma 6.6.11. Suppose that X is a reflerive compler Banach space and k
is a nonnegative integer. If the holomorphic mapping z — b(z) maps B,
into KK(X,Y), then the holomorphic mapping z — R*b(z) also maps B,, into

K(X,Y).

Proof. Let z € B,,. Let { f;} a sequence of elements of X which converges weakly
to 0 in X as j tends to infinity. Let us prove that lim;_,. [|[R**b(2)f;|ly = 0.
We know that the sequence {f;} is strongly bounded in X. Let j € N, by using
(6.1.4.1) for z = 0, we get that the function 2z — b(z)f; € AL(B,,Y). By the

reproducing kernel formula, it follows that

b(2)F; = /B i gy ). (6.6.1.5)

o (1= (z,w))ntite

Applying the partial differential operator R** to (6.6.1.5), we have

Rkp(2)F; = / blw)f; dva (w).

B, (1 _ <Z,w>)n+1+a+k
We also have

[[6(w) £ lly _ [6(w)l 2z, 1 £l x
11— (z,w)|ntitathk = (1 — |z])ntitath

Cn+1+a)
= (A= [z])titatk 16(w)ll 2 x v
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and

/ (C(n—i—l—i—a)
Bn

| |)n+1+a+k ||b( )”[,(X Y)dl/a( ) < oo.

Therefore, by applying the dominated convergence theorem, we have that

. b(w)f;
imsup A5 By < timsp [ O )

j—o0 j—o0

_ / lim; o0 ”b(w)JTJHY dVa(w) =0.

B, 1= (z,w)[rtitath

Thu,s for each z € B,

lim ||R**b(2)f;i|ly = 0.
J—0o0

The following result will be also important in the sequel.

Lemma 6.6.12. Suppose By € N", {f;} a sequence of elements of X which
converges weakly to 0 as j tends to infinity. For z € By, let xj(z) = zﬁofj.

Then {x;} C AP (B,,, X) and {z;} converges weakly to 0 in AP (B,,X).

Proof. Let j € N. Since f; — 0 weakly in X as j — oo, it follows that {f;} is
strongly bounded in X (see [92]). Let 8y € N® and z,(z) = 2% f;. It is clear

that {z;} C A?(B,, X). For every g € A? (B,,, X*), we have

(@5 ghax = / (2;(2), 9(2)) x x+ dva(2)
/(Zﬁofj,g(z»x,x*dl/a(z)

n

/ 2P0 (f5,9(2)) x,x+dva(2).

]:BTI,

Since

2% (fi, 902 x. x| < 127(f5,9(2)) x x|

< fillxllg(2)llx
< Cllg(2)llx-,
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and

, 1/p
|9(Z)||X*d’/a(z)<</B ||g<z>||§odua<z>) < co.

/

By using the dominated convergence theorem and the assumption, it follows

n

that

lim sup(z;, o x = / 5 Tim (f;, 9(2))x x-dva(z) = 0.
B,

j—)oo J—00

6.6.2 Boundedness of the little Hankel operator

The principal result here is that, the little Hankel operator with operator-valued
symbol h; is a bounded operator form AP (B,,, X) to A%(B,,Y) with 1 < p <
q < oo if and only if the symbol b belongs to the generalized vector-valued

Lipschitz space A, (B, £(X,Y)), where

’yo:(n—I—l—&-a)(Zl)—;).

The result obtained generalize the Oliver’s result [94, Theorem 4.2.2]. In the
following lemma, we first prove that the definition of the generalized vector-
valued Lipschitz space Ay(B,,X), with v > 0 is independent of the integer k

used.
Lemma 6.6.13. Let f € H(B,, X). The following conditions are equivalent:

(a) There exists a nonnegative integer k >~y such that

sup (1 — [2*)* 7 [R*F£(2) ] x < oo
z€B,,

(b) For every nonnegative integer k > v we have

sup (1 — [2*)* 77 [R**£(2) |1 x < oo

z€B,
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Proof. Tt is clear that (b) = (a). So to complete the proof, we will prove that

(a) = (b). Suppose that there exists an integer k£ > v such that

ci= su]é) (1= 2HF 7R f(2)||x < oo.
zeb,

We want to prove that

sup (1= [#f*) Y[R ()] ¢ < oo
z€B,

Since ¢ < oo, then f € AL (B,,, X). Indeed, by [94, Theorem 3.1.2], we have that

111, / (1= [ IR f(2) | xdva(2)

n

/R [(1 = =) R £(2) | x] (1 = [2[*)dva (2)

A

c / (1 - [22)2 T du(z)
B

< 0.

By using Proposition 6.6.2, we have that

e} 1 f w
R*Mf(2) :/ 1- <Z’w>()n-)§-1+oc+k+1 dva (w).

Br

Applyng Lemma 6.6.4, it follows that

Rk f(w)
(1- <Zyw>)”+ul)+a+k+1dya+k(w).

RG) = [

By

Thus,

IR f ()] x

A

= PR ) ) (1 )
B,

|1 _ <Z7w>|n+l+a+7+(k}+177)
< C
S O

Therefore, we have that

Sup (1= |z R f(2) | x S e < oo
2€B,
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Also, if k is a nonnegative integer with k& > 7 such that

¢ := sup (1= [z Y| RVFHf(2)] x < oo,
z€B,

then

sup (L= %) IR  f(2) ] x < oo

Applying Proposition 6.6.2 and Lemma 6.6.4 we have that

1= (zw))nttreth = Jy o (1= (zw))nttreth 2

ak () f(w)dva(w) ROFHL £ (w)dvg g pp1 (w)
R = [ K

where z € B,,. By using Theorem 6.2.10, it follows that

. [(1 = w7 RO f(w) ] (1= [w])*+dv(w)
IR F)x S / et

C// (1 — [w[*)*F dv(w)
B

|1 — <z7 w> ‘n+1+a+7+(k}_7)

C/

< —
Y1 zA)E

Since z € B, is arbitrary, we obtain that

sup (1 — |z|H)* | R¥* f(2)|x < ¢ < .
( S

z€B,

The proof of the lemma is complete. O

Proposition 6.6.14. Let v > 0 and f € Ay(B,, X). The following conditions

are equivalent:
(1) fer oBnX).

(id) limg - ||f = fslla, B,,x) = 0, where fs is the dilation function defined for

z € B, by fs(z) := f(s2).

(#i1) f belongs to the closure of P(B,,, X), where P(B,,, X) is the space of vector-

valued holomorphic polynomials.
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Proof. (i) = (ii). Suppose that 3 <r < s <1, and let f,(z) = f(sz), z € B,.

By the definition, we have:

If = folla,@..x) = 561132(1—|Z|2)k’”|\R“’k(f—fs)(Z)le
= 561132(1 — IR £)(2) = (R f) ()] x
= Zseuﬁli(l = [2P)ETRSEF)(2) = (ROFf)(s2)l1x
= ZS;BIl(l = [2P)E(RSE£)(2) = xr(2)(RVFF)(2)

+ () (ROEF)(2) = (ROFf)(s2)]1x

< swp (1= ) NRAFF)(2) = X () (RO f)(2) | x

+ s (L= 2" (2)(ROF £) (2) — (R f) (s2) 1,

where x, is the characteristic function of the set {|z| < r}. We first have the

following estimate:

sup (1= )P NRSFF)(2) = X () (R ) (2) | x <

sup (1 — [2)* [ (RYMf)(2) = xe (2) (R f)(2) |1 x

|z|<r

+sup (L= 2R F)(2) — xe (2)(RYF ) (2)llx

r<|z|<1

= sup (1—[z)*(RY* 1) (2)1x
r<|z|<1

< sup (1= [z (R F)(2)]|x-
r2<|z|<1

We secondly have the following estimate:

sup (1= 1) 7 e (2)(ROF ) (2) = (ROFf)(s2)|x <
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sup (1 [2[*)" 77 [[xr (2) (R¥F £)(2) — (RVF £)(s2)llx

|2|<r

+sup (1= 2 7 (2) (R F)(2) — (ROFf) (s2) |1 x

r<|z|<1

= sup (1— )RV f)(2) = (R f)(s2) ] x

lz|<r

+  sup (1= 2P (RYF £)(s2) | x-
r<|z|<1

Using the change of variables w = sz, we then obtain

k—r

_ « |w|2 )
sup (1— )5 (RFf)(s2)lx = sup ( - ) MR Hw)x

r<lz|<1 s :
L e
= sup —S7 5 \S —|w| H(Ra, f)

rs<|w|<s s2(k—) ( )

< 267 sup (1= )R

r2<|w|<1

It follows by using the assumption that

1f = follas@.x) < Gy sup (1= [w)*7Y[[(ROF f)(w)]|x

r2<|w|<1
+ ‘s&p (1= 2" (R £)(2) = (R¥* F)(s2) | x,

with C, = 1 + 22(*=7)_ Since (R** f)(sz) — (R** f)(2) in X uniformly on the

compact set {|z| <r} as s — 17, we have

lim sup (1 - [2*)*77[|(R*F £)(2) — R** f(s2) ] x = 0.

s Jzl<r

It follows that

T (1 = fulla, s,.x) < G limsup(1 — fuwf?)* 7 (R ) (w)] x =0.

Jw|—1—
(i4) = (¢it). Given € > 0, by the assumption, there exists s € (0,1) such
that

1f = fsolla, @, x) < e (6.6.2.1)

Further note that fs, € ’H(ilﬁ%n,X) and 1 < 1+250 < i From this, and by

using Taylor’s formula, it follows that for each m € N, there exists a X —valued
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polynomial p,, such that
lim — sup  [|f5,(2) = pm(2)[[x = 0.
m—o0 9 =
zémBn

Therefore, there exists my € N such that

sup || fso(2) = Pm(2)[x <, (6.6.2.2)

2
ZEWBn

for m > mg. By the Cauchy’s inequality, there exists a constant cs, > 0 such

that for each i = 1,--- ,n we have
fse  OPm
sup af_o ~ <cso sup || fso(2) = Pm(2)]lx- (6.6.2.3)
2€B, Il V% Zillx 261 2B,

Suppose k is a nonnegative integer with & > +. By using (6.6.2.3) and Theorem

6.6.3, there is a constant ¢ = ¢(sg,n, @, k) such that
sup [[(R** fs,)(2) = (R**pmy)(2)Ix < ¢ sup || fsy(2) = Pno (2) x -
2€B, 2€ 175 Bn

(6.6.2.4)

It follows by (6.6.2.4) and (6.6.2.2) that

Seumy(l — |2 NR* (foo = Pmo)(2)llx - < Sup [(R** foo)(2) = (R** Py (2)
< ¢ osup |[fso(2) = Pmo(2)lx
zEﬁBn
< cCe€.
Thus
||f50 — meHA’y(]BnyX) < ce. (6625)

Using (6.6.2.1) and (6.6.2.5), it follows that

If = Pmolla,@..x) < IIf = fsolla, o, x) + 1fso = Pmolla, B, %)

< e+ce=(1+c)e.
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(#i1) = (4). Let f in the closure of the set of vector-valued polynomial P(B,,, X),
in A, (B,, X). There exists a sequence of vector-valued polynomials {p,,} in
P(B,,, X) such that

T £ = pmlla, @,.x) = 0. (6.6.2.6)

Let us prove that for each k > ~,

lim (1= [z (R**F)(2)]lx = 0.

|z|—1—

Let £ > . We have that
IR NE)x < IRV F)(2) = (R pm) ()] x + 1(R**pim) ()] x

< (R F)(2) = (R i) ()] x + I B** pin oo, x5

where | R**p,,[loo,x = max.ep, ||(R**pm)(2)| x. It follows that for each m €

N, we have

A= PR HEIx < Q=2 IR )(2) = (B o) (2)]|x

(1 = ) T NRS pnl oo, x

IN

1f = Pl @a,x) + (1= 22 R Pl o, x

Letting |z| — 17, we obtain that

limsup(1 — |2*)* V| RY*f ()| x < |If = Pl a5

|z| =1~
for each m € N. Now, letting m — oo on both sides of the previous inequality,

it follows by (6.6.2.6) that
limsup(1 — [2[*)" 7| R f(2)||x = 0.

|z|—1—

The proof of the proposition is complete. O
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Remark 6.6.15. One of the consequences of the previous result is that, given
v > 0, the generalized little vector-valued Lipschitz space Ay (B, X) is a closed
subspace of the generalized vector-valued Lipschitz space A (B,,, X).

From now on, Wechoosem):(n—i—l—l—a)(%—%),wi‘chl<p§q<oo,

and we consider the generalized vector-valued Lipschitz space A, (B,,, X).
Corollary 6.6.16. Suppose 1 <t < co. Then A, (B,, X) C AL(B,,X).

Proof. Let k > . Applying [94, Theorem 3.1.2], for f € A, (B,,X), we have

that

¢

[ 1= PR x) vz

n

117 0, x

10 R R ) 0 ()

n

1 lla, @00 / (1~ [2P)*0tdu(z) < oo.

n

A

O

In what follows, we assume that X, Y are reflexives complex Banach spaces.
We first introduce the following proposition which will be used in the proof of

Theorem 6.1.8.

Proposition 6.6.17. Suppose 1 < p < ¢ < 00,0 <7 <1 and vy € N*. If
a, € K(X,Y), then the little Hankel operator hgy : AR (B, X) — AL(B,,Y) is

a compact operator, where g)(z) = a,(rz)Y for every z € B,,.

Proof. Let {f;} be a sequence in AP (B,,X) such that f; — 0 weakly in
AP (B, X) as j tends to infinity. We want to prove that lim; o |27 fjllg.a,y =
0. Let the Taylor expansion of f; given by f;(z) = Z c7ﬂ F e AP (B, X).

BeEN"
Since f; — 0 weakly in A? (B, X), applying Lemma 6.6.10, using the fact that
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c% = 9°f;(0)/B!, we have that for all 5 € N", CJB — 0 weakly in X as j — oc.

By Lemma 6.6.8, for every z € B,,, we have

o — A T(n+1+a+|y—7]) =8l =8
hgfi(z) = > av(cjﬁ)(’v—ﬁ)lr(wr1+oz+Ivl)N o

BEN", F<y
Therefore,
q
— ATn+1+a+|y—70]) 8
1hgy fillgay = / Z ay(cp) | (rz)” e
Bo || gefirb<n (Y =B)T(n+1+a+]|y]) y
- YTn+1+a+|y—0]) _
< ([ X la@ (|2
_ |
Bﬂ 5€N"ﬂ§’7 (’y ﬁ)l—‘(n + 1 + « + |/Y|)
o AT+ 14+a+|y—7|) _
< 3 ([ (@i 125D (e

— B!
Betm B<r 7= B (n+1+a+)

_ |
- (= A+ 1+a+hl

Tn+14+a+y—p8) =i
< Y 2 lay (h)ly,
peio o, (= BT+ 1+ a+ )

where the third line above is justified by the Minkowsky’s inequality for integrals.

Thus,

YT'(n+14+a+|y—38])
(v =BT (n+1+a+y)

Ihgr fillgay S > lay(ch)lly.  (6.6.2.7)

BEN",B<y
Now, since 676 — 0 weakly in X as j — oo, it is clear that gﬁ — 0 weakly in
X as j — oo. By the assumption, we know that a, € K(X,Y). Since % —0

weakly in X as j — oo, we have that ||an,(§ﬁ')||y — 0 as j — oo. It follows that

q,o,Y 5

5 W t+ltaty—p) . lay(@)lly =0
) joroo 1Y '

limsup ||k, f;
j%opH a1 il (Y= B)T(n+1+a+|y)J

BEN",B<y

O
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Let us state Oliver’s result on the boundedness of the little Hankel operator

with operator-valued symbol between vector-valued Bergman spaces.

Theorem 6.6.18. Let 1 < p < g < oo. The little Hankel operator hy :
AP (B, X) — A%L(B,,Y) is a bounded operator if and only if b € B (B,, L(X,Y)),
where

1 1
y=1+(n+1+a) <—>
q P

Moreover

1Pl a2 8,0, %) 45, v) = [0l 5,8, %))

Remark 6.6.19. Suppose 1 < p < g < 0o, and v = 1+(n+1+a) (% — %) . Then
~ is not always positive. Indeed, since 1/¢g—1/p € (—1,1), then v € (—n—a,n+
2+ ). It follows that when v € (—(n + «),0), the vector-valued v-Bloch space
B, (B, L£(X,Y)) is not interesting and does not make sense since the definition
of the vector-valued y-Bloch space introduced by Oliver only takes into account
the case where v > 0. In Theorem 6.1.7, we correct the problem by replacing the
vector-valued y-Bloch space with the generalized vector-valued Lipschitz space
Ayy(Bn, L(X,Y)), where 7o = (n+ 1+ «) (% — %) . Since v = 1 — 7, we see

that when 0 < 79 < 1, we have that
BW(BR’ ‘C(Y7 Y)) = A’Yo (Bm ‘C(ya Y))

In what follows, we give the proof of Theorem 6.1.7 which generalize the

Theorem 6.6.18 and correct the mistake mentionned in Remark 6.6.19.

6.6.3 Proof of Theorem 6.1.7

Let us recall the statement of Theorem 6.1.7.
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Theorem 6.6.20. Suppose 1 < p < g < oo. The little Hankel operator hy :
AP (B, X)

— A4(B,,,Y) is a bounded operator if and only if b € Ay, (B, L(X,Y)), where

70:(n+1+a)<1—1>.

p q

Moreover, [|hyl az(s,,.x)~4%®..v) = 1Vlla, B,.c%v):

Proof. Let p' and ¢’ such that 1/p+ 1/p’ = 1 and 1/q+ 1/¢' = 1. We first
assume that hy is a bounded operator from A2 (B,,, X) to A%(B,,Y") with norm
|holl = th“Ag(IBS,L,X)—>A1(]B$”,Y)~ Let z € X and k> (n+ 1+ «)/p. Let z € B,

and put

x

1) = T w2

w € B,.
Since k > (n+ 1+ «)/p, by Theorem 6.2.10, we have that f € A? (B, X) and

2]l x
1 £llp,0x < (1 — |2[2)k—(nt1ta)/p

By [94, Proposition 2.1.3 ], we have that

hy f(2)

|
—~
S
—
£
—~
S
~
o
X
Q
—~
£

))
b(w) (T
- /IBn (1- <Z,(w>))(n4)rl+a+k dve(w)

= R™*b(2)(@).

It follows by Theorem 6.2.6 that

IR () @)y = [[hof (2)lly
< 175 f |,y
T (L [zA)ntite)/a
< Nl fllp.ex
T (L= [zA)ntite)/a
< (720 1] ]] x
S A R)Fre e /a17p)
[ [l x

(= =Ry
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Since x € X is arbitrary and ||z||x = ||Z||x we get that

ok _ [
IR0 ) 2,y S A= 2y

Thus

sup (L= 1) IR () £ x vy S -

) ~

By Lemma 6.6.13 this means that b € A, (B,,, £(X,Y)) and Hb”Awo B L(XY)) S
1701
Conversely, assume that b € A (B,,, £L(X,Y)). Let f € A2(B,,, X), g € A7 (B,,Y*

and k > vo. By Corollary 6.6.16, we have that
beAy(B,, L(X,Y)) C A2 (B,, L(X,Y)),
so by [94, Lemma 4.1.1], Corollary 6.6.6, and Lemma 6.6.13 it follows that

[(hof, @ay| =

/ ()T, 9(2))y dvalz)

n

/B (RO TR, 9(2))y Do s (2)

S [ IR e [T el @l (1 = |2 ez

n

S ”bHAwo(Bn,L(Y,Y))/B 1£ ) xllg(2)lly+ (1 = [2*)F0du(z).

By Holder’s inequality the last integral is less than or equal to

1/q , 1/d
(/ - ) ([ -1 (s )
For ¢ = p, we have vy = 0 and thus
(0 f.9)ar | S 1blla.. o, 2t |l gl ey
For ¢ — p > 0, using Theorem 6.2.6, we have
O Ve A P

Hf(Z)ch = ||f(z)||1)’(||f(z)||§(_p < (1— |Z‘2)(q7p)(n+1+a)/p - (1 — [z[2)a0

105



It follows that

(1 —|z[?)ore

q 2\a+gvo Ha 1-p/q P
(/B 1F (5% A = 12%) dV(Z)> < ek (/B 1f ()% SEREE

= [ llpex-

Therefore, by duality, we obtain that

Hhb||A’;(IB€n,X)—>A§(IB,,,,Y) = sup [(ho f, 9oy | S ||b||A70(]Bn,L(Y,Y))'
”f“p,a,X:l;Hqu’,a,Y*=1

O

6.6.4 Proof of Theorem 6.1.8

We are now ready to give the proof of the main result in this section that is

Theorem 6.1.8 that we recall here.

Theorem 6.6.21. Let X and Y be two reflexive compler Banach spaces. Sup-
pose that 1 < p < q < oo, and o > —1 The little Hankel operator hy :

AP (B, X) — A%(B,,Y) is a compact operator if and only if
be Ay oB,,KX,Y)),

where A, o(By, K(X,Y)) denotes the generalized little vector-valued Lipschitz
space and yo = (n+ 1+ ) (l - %) , see (6.1.3.3).

P

Proof. First assume that b € A, o(B,, K(X,Y)) and denote by b,.(z) := b(rz)
with z € B, and 0 < r < 1. Since b € A, o(B,,,K(X,Y)), by Theorem 6.1.7,

we have that
< _
bl a2 (B, x)— 42 (B,,v) S HbHA,YO(IB,,,,L(X,Y))'

Therefore, we have

1he = P, [l a2 8, ) > 42 B, v) S0 = Orlls B, .cxv)):
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By using Proposition 6.6.14, we have that

1. b _ b’r' -~ == O,
T_l}I{lﬁ I HA,YD (B, L(X,Y))

so to prove that h; is a compact operator, it suffices to prove that h;, is a
compact operator. Since b, is analytic on a neighbourhood of B,, it can be

approximated by its Taylor polynomial in the Bloch norm. Thus,

b = Pyrlla, s, oy =0 (6.6.4.1)
with Py,(2) = Y b(B)r?l2", where b(8) € K(X,Y) are the Taylor
BEN™,|BI<N

coefficients of b. We also have by Theorem 6.1.7 that

7o, = hpy Az @, )48 @) S 100 = Prrlla s, .00%,v))

So by (6.6.4.1), to prove that h;_ is a compact operator, it is enough to prove
that hpy . is a compact operator. Since Py, is a polynomial, it is enough to
do the proof for monomials of the form b(8)r!?l2?, with 8 € N*, z € B,, and
5(6) € K(X,Y). Thus, according to Proposition 6.6.17, the proof of this part
is complete.

Conversely, for the ”only if part”, let us assume that
hy : AP (B, X) — AL(B,,Y)

is a compact operator. Since h; is compact, h; is then bounded and Theorem
6.1.7 yields

be Ay, (B, L(X,Y)).

We shall first prove that the Taylor coefficients I;(B), B € N" of b belongs to
K(X,Y). Let {f;} C X such that f; — 0 weakly in X as j — oo, fix 8y € N",

and let x;(z) = 2% f;. By Lemma 6.6.12, we have {z;} C A2 (B,, X) and {z;}
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converges weakly to 0 in A2 (B,,, X). Since

16(Bo) filly = sup [{b(Bo)f. 4" vy |

lly*lly«=1
and Y is reflexive, by the Kakutani’s theorem [92, Theorem 3.17] there exists

y; € Y* with [y} |ly~ = 1 such that
15(B0) Filly = [(B(Bo) Fi, u} ) vyl
But y* € A% (B,,,Y*). By Lemma 6.2.15, we have

(oo )y | = /B BT 1)y y- dva(2)

— /]B zho( Z 2o(B) f7,y5) vy dva(z)

BEN™

= | D BB Yy / 7% dv, (2)

BeNn B

|B(Bo) 2 vy | / |50 2dv(2)

o BO'F(n-i—a—f—l) ~ o

= Tt Bl +at ) Mgy
_ Bo'Tlnta+1) o, &

N F(n+|30|-l—a—i—l)”b(ﬁo)fynﬂ

where Fubini’s theorem is justified by Lemma 6.6.7 with {z;} ¢ H*(B,,X).
Since hy, is compact and {z;} converges weakly to 0 as j tends to infinity, we
have that {hyz;} converges strongly to 0 as j tends to infinity, therefore one

gets that

im (hyj, Y} )a,y = 0.
j—o0

Thus

Boll'(n+a+1)

JLI{.IO F(n I |BO| Fa+ 1) ”b(BO)fJ”Y =0.
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We then obtain
i [[6(80) 1y = 0.
In fact, we have shown that 5(60) belongs to K(X,Y) and as 3y is arbitrary,
this holds for all 3 € N™. Let 1 < ¢t < oo. Since b € A, (B,,, £(X,Y)), we have
that b € A!, (B, £L(X,Y)) and
i 1) = 32 B o) =0
Let z € B,,. There exists a constant C, > 0 such that

1) = 3 BB oy < O [ ) = 30 b))

[BI<N \B\<N

Thus,

lim ||b(z) — Z B(ﬂ)zﬂ”L(Y,Y)) = 0.

N—o0
[BI<N

Since z € B, is arbitrary, we deduce that b(z) € K(X,Y), for each z € B,,.
Let z € X and y* € Y*. Since b € A, (B,,, £(X,Y)), then the mapping 2 —
(b(2)T,y*)y,y+ belongs to Al (B,,C). By using the reproducing kernel formula,

it follows that

beminr = || G

dvg (w). (6.6.4.2)

Let k > 7. Applying the operator R** in (6.6.4.2), we obtain that

(RO, ) vy = /& (1 «)(Z’)Z>z;>+}/11;+k

dve (w). (6.6.4.3)

Let z € B,,. Since ||Ra’kb(z)||£(zy) = SUP||y| x =1 | R%*b(2)(Z)||y, and by Lemma
6.6.11, the operator R**b(z) is compact. So there exists zo(z) € X with

lzo(2)]|x =1 and
IR5(:) oy = IE5b(2) 202l
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Also

|R*b()aoG)lly = sup  [{R*Mb()x0(2), 4" v+ |

ly*lly»=1

Since Y is reflexive, it follows by the Kakutani’s theorem [92, Theorem 3.17]

that there exists y§(z) € Y* with ||y§(2)|ly= = 1 such that

IR b(2)| 25y = IR*FB(2) (w0 (2)) Iy = (RY*b(2)0(2), 45 (2)) v,y + -
(6.6.4.4)

By (6.6.4.3) and (6.6.4.4) we get

(L —[z[1)*

I O e e et

(L= |2 [R4D() oy =

= |<hbxzay:>a,Y|a

with
zo(2)(1 — |Z|2)ﬁ—(n+1+a)/p
z = 3 Bn
=) (= (w,2))? ve
and
* 1— 2\k+(n+14+a)/q—p
ys(2)(1 — |=?) e,

() = e

where (3 is chosen such that
(n+l1+a)/p<p<k+n+1l+a)lg

By Theorem 6.2.10, we have z, € A2(B,,, X), v} € AL (B,,Y*), and

sup ||-rz poa, X < 00, sup ||y:||q/7047Y* < 0.

zeB, zeB,

Let us prove that
x, — 0 weakly in AP (B,,X) as |z]| — 1. (6.6.4.5)

Since

SUp [ 2|p,a,x < 00,
2€B,

110



to prove (6.6.4.5), by Lemma 6.6.9, it suffices to prove that
<$Z76w,a*>a,X — 0 as |Z| — 17,

where for each a* € X* and w € B,,, we have

1

ew,a* (C) = (1 _ <C,w>)”+1+°‘ a'*? C € Bn

By using the definition of e, o« and the reproducing kernel formula, it follows

that

(e CwrasJpax = / (22(0): ewar () x+ V()

1 *
/IBn <'TZ(C)’ (1 — <<’w>)n+1+aa >X,X*dl/oc(<)

Therefore, we have

|<$zaew,a*>p,a,X| = |<xz(w);a*>X,X*|

1 — [2]2)8—(n+1+a)/p X
A b

(1= [Pttt
S Gl

l[a*]x+ — 0
as |z| — 17. By using (6.6.4.5), the compactness of h;, and the fact that
sup [[yZ g,y < 00,

z€By
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it follows that
lim (1 - |2[*)* 7| R**b(2) | oy = lim_|(hez, yz)ay| =0,

|z|—1— ||

which completes the proof of the theorem.
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Chapter 7

WEIGHTED

INEQUALITIES

7.1 Introduction

Weighted inequalities appeared almost simultaneously with the birth of singular
integrals that stimulated their development, in particular the problem of char-
acterisation of positive function w for which singular integral maps LP(wdpu) to
itself. A famous example of a singular integral is the Bergman projection, whose
boundedness problem, solved elsewhere by Békollé and Bonami, is historically

linked to the duality problem for Bergman spaces.

For a > —1, it is a well-known result of Békollé and Bonami that the

Bergman projection T,, defined by:

1.5G) = [ S e duta)
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is bounded on LP(wdpy,) if and only if the weight w belongs to the so-called
Békollé - Bonami class of weights. The Bergman projection can be extended
to all a less than or equal to —1. Therefore a natural question is whether the
Békollé - Bonami result can be generalized. In this paper we work with more
general operators than the extended Bergman projection, and more generally
we characterize weights for which we have the boundedness between two general

weighted Lebesgue classes on the unit ball of CV.

The inner product and the norm in CV are (z,w) = 21wy + - + 2NUN
and |z| = \/(z,2). We let du,(2) = (1 — |2|?)9du(z) where ¢ > —1 and u be
the Lebesgue (volume) measure on the unit ball B = {z € CV : |z| < 1} of
CN = R®N normalized with u(B) = 1. We set L? := LP(du,) the Lebesgue
space on B relative to u, with 1 < p < +o00. Let H(B) to denote the space
of holomorphic functions in the unit ball B. For ¢ > —1, a function f € H(B)
belongs to the weighted Bergman space A} whenever f € LP (ditg). The norm

| fllaz is simply the L} norm of f.

Besov spaces extend weighted Bergman spaces to all ¢. To define them, we
first take a radial differential operator D! of order ¢ for any s,t € R defined on

H(B). Let f € H(B) be given on B by its convergent homogeneous expansion
o0

f= Z fr in which fj is a homogeneous polynomial in zq, ..., zy of degree k.
k=0

We define, for s,z € R

o0

Dif =S dils.0)fe Z 8”

k=0 =0
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where

WHLYOe if g > —(N +1)
cp(a) =

Hﬁ%m if a<—(N+1)

Consider the linear transformation I defined for f € H(B) by:

If(2) = (1= [2[))'Dif (2).

We say that a function f € H(B) belongs to the Besov space BY whenever

Il f € LP for some s, t satisfying:

g+pt>-1 if 1<p<o
t>0 if p=o0.
It is well known [109] that the Lf-norm, |[I{f|z, of any one of the functions
I'f is an equivalent norm for ||f| gp, the norm of f in BE. When ¢ > —1 we

have AP = BI. The space Bg is a Hilbert space with reproducing kernel K, (see

[109] or [103, Theorem 1.9] or [114]) defined by

(N +14q) .
7(142@1))1\’““ = Z — (z,w)*, if ¢>
K, (z,w) = k=0 .
Fi(1,1:1 - (N ; = - kit g <
2 1( ) Ly ( +Q)1<Z7w>) kZ:O(]-_N_q)k<z7w> , I g =

where o F; € H(D) is the Gauss hypergeometric function and (u), is the Pochham-

mer symbol defined by (u), = ngz;)),

where I" is the Gamma function. Namely,
for a number s satisfying ¢ + 1 < p(s + 1), if ¢ satisfies ¢ + pt > —1 then for

f € B2 (see [109, Theorem 1.2])

N!

t _
(Poly)f = (1+s+t)n

f)

where

Pof(z) = / K (2 w) F(w)(1 — Jw]?)* dps(w),
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is the extended Bergman projection (s may be smaller than or equal to —1).

For a,b,s,t € R the operators that we are interested in are defined by

(reproducing) Bergman-Besov kernels. For f € LP(dp,) we define

TG = Tapf(e) = / Koz, w) f(w)(1 — [w[2)?9dpu, (),

Sawl (2) Sanf(2) =/B|Ka(zyw)||f(w)l(1— [w]*)* ™ dprg(w),

Piif(z) = Pouf(z)=(1- |Z‘2)t/BKs+t(sz)f(w)(1_ [w]?)* = dpq (w).

Throughout the paper b > —1 and s > —1 because we want our operator to be

well defined (see for example Lemma 7.5.1 and Lemma 7.5.2). Note that

Poef(2) = (1= [2?) Tuge.of(2). (7.1.0.1)

Our main motivation comes from the operators P; o, and Pr which are

s,N+1+s>
the Bergman projection and Berezin transform respectively, where P;“ Niigsd (2) =
(1 — |2|?)!Ss4N+14s.5f(2). The operators Psy, Ty, and S, are important in

the study of function-theoretic operator theory, see for example [115] when

q=—-N —1.

The boundedness of the operators Tg’b was already studied by Kaptanoglu
and Ureyen [110] in the cases where the operators T, act from LY to LE, with

q6R31§p7P§OO7Q>_1

Theorem 7.1.1. [110, Theorem 1.2] Let a,b,q,Q € R, 1 <p < P < o0, and

assume @ > —1 when P < co. Then the following three conditions are equivalent
1 Top: LY — Lg;
2. Sap: LY — Lg;
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3. (a) 1—q<1+banda§b+%fl+pﬁf07‘1<p§P<oo;

(b) 22 <14banda <b+ L - B for 1 = p < P < oo, but

at least one inequality must be strict;

(c) %<1+banda<b+%—%f07“1<p§P:oo.

This result is useful for our work, especially for the case p = P and ¢ = Q,
to investigate the case where these operators P, ; and T} ; are bounded from L}I

to Lé"x’. Our main result in this direction is the following.

Theorem 7.1.2. In the case g =5, s+ 2t > —1 and s+t > —1 with s > —1

the operators Py are bounded from L}, to LY and not from L} to L}.

In this paper we also investigate the more general cases with weights w for
the boundedness of Ty, ; and P, from LP(wdp,) to LP(wdug). In the special
case of the Bergman projection Ty, o, Békollé [104] obtained the characterisation

of the weights w in terms of the Békollé -Bonami condition.

Let d be the pseudo-distance in B defined by d(z,w) = ||z|—|w]||+ ‘ 1- f"‘w) ’

[z[Jw] |

Definition 7.1.3 (Békollé -Bonami class). Let w be a locally integrable non
negative function on B (a weight). We say that wdpy, belongs to (B,), 1 <p <
00, if there is a constant C)(w) such that for every ball B (with respect to the

pseudo-distance d) of B that intersects the closure of B, we have

i 7o) s
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For a > —1, let

1) = Tanf () = [ s psra (o)

be the Bergman projection. Békollé showed in [104] that

Theorem 7.1.4. Let w be a locally integrable non negative function on B. The
operator T,, a > —1, is well defined and continuous on LP(wdp,), 1 < p < oo,

if and only if wdp, € (Bp).

The results we obtain depend upon the values of a, s + ¢, ¢ and Q. In the

case a < —(N + 1), s+t < —(N + 1) we have the two following main results:

Theorem 7.1.5. In the case a < —(N +1), T, is well defined and continuous

from LP(wdpg) to LP(wdug) if and only if

</Bw(z)ducz(3)) (/B(w(z))pﬁduﬁp,(bq)(z))p_l < .

Moreover

sl = [ wtrana) ( [ <w<z>>p—ﬁduq+p/<b-q><z>)pl .

Theorem 7.1.6. In the case s +t < —(N + 1), there are no weights w such

that Ps, is well defined and continuous from LP(wdug) to LP(wdug) for Q < q.

Theorem 7.1.7. In the case s +t < —(N + 1), if Q > g, then P, is well

defined and continuous from LP(wdp,) to LP(wdpg) if and only if

(/BW(Z)duQ+pt(z)> (/B(w(z))pllduq+p,(s_q)(z)>p_l < 0o

Moreover

(| Ps ¢

v ([wlangn) ([ (w(z))pﬁd/w/(sq><z>)p_1.
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In order to give our necessary condition for the boundedness of T, ; when
a > —(1+ N) we introduce a Békollé -Bonami type class of weights denoted by

(B;,byq,Q).

Definition 7.1.8. For Q < g and a > —1, we say that w € (B3"99) (b > —1) if

i (1805 00) (3 [Pt <

where the supremum is taken over the pseudoballs B.

For Q < gqand a > —N — 1, we say that w € (B2"*9) (b> —1) if

B:BNOB#£Y

(B) (B .
sup (Eﬁ?fﬁ]“*“)/BW(Z)duQ(ZO (}%/B(w(z))plduﬁp,(bq)(z)>

where the supremum is taken over the pseudoballs B with radius Rp.

For Q > ¢ and a > —1, we say that w € (B3*49) (b> —1) if

Nh-&-%(B) ﬂ(ﬁ%(B) =y
e (m/BW)d“W)) (m/sw”" Wasro-0 (%)

where the supremum is taken over the pseudoballs B.

For Q > q and a > —N — 1, we say that w € (B2"%9) (b > —1) if

Hy =2 (B) p fiypy @=a (B) =4
et i Po s/ =1 ,
B:BSF%I])B#@ RANFIFa) /Bw(z) 1e(2) RENFTE) /B(w(z)) Hq+p' (b—q) (2)

where the supremum is taken over the pseudoballs B with radius Rp.
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The necessary condition for the boundedness of T, ; when a > —(1+ N) is

the following.

Theorem 7.1.9. Suppose that —(1+N) < a and b > —1. If T, is well defined

and continuous from LP(wdpg) to LP(wdpg), then we have w € (Bg’b"hQ).
For P, ; we demonstrate

Theorem 7.1.10. In the case both —(N+1) < s+t < —1 and s+t+% <-1
hold, and in the case both s +t > —1 and QQ < q hold, there are no weights w

such that Ps 4 is well defined and continuous from LP(wdpug) to LP(wdug).

For the remaining cases, we introduce (K, +4.@) another Békollé -Bonami
type class of weights in order to give our necessary condition for the boundedness

of P,y when s +¢ > —(1+ N).

Definition 7.1.11. For s +t + % > —land =1 > s+t > —N — 1, we say

that w € (K3"%9) (s > —1) if

Q=g Q-q
RBP / RBP / 1
su — | w(®)d z B [ (w(z))7Td NG
BiBrOBAo RETIHsH Jp (2)dnqp(2) R B( (2))7 T dpigsp (s—q) (

where the supremum is taken over the pseudoballs B with radius Rp.

For Q > q and s +t > —1, we say that w € (K3""%) (s > —1) if

Q-q QL—qa 1
sup i/ w(z)d (2) i/(w(z))%ﬂd (2)
B:BnoB£o \ Us+i(B) JB Ha+pt tsi(B) I Hq+p'(s—q)

where the supremum is taken over the pseudoballs B with radius Rp.
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The necessary condition for the boundedness of Ps; when s+t > —(1+ N)

is the following.

Theorem 7.1.12. In the case both s+t -+ % >—-1land —1>s+t>-N-1
hold, and in the case both s+t > —1 and Q > q hold, if P, is well defined and

continuous from LP(wdpg) to LP(wdpg), then w € (K;’t’q’Q),

We introduce a maximal and a fractional maximal operator that will be used
to establish a good lambda inequality in order to give sufficient conditions for
the boundedness of P ;.

If a > —1 we set:

1

a = YY) d ’
mabf(2) CEB,R>1—S\1?\):ZEB(C,R) ta(B(C, R)) /B((,R) 7 (w)ldpan(w)

more generally if a > —1 — N we set:

1

o f(2) = sup i [ H@ldu(w)
b ceB,rR>1—|¢:zeB(c,R) BT Jpie Ry

Before giving our good lambda inequality, we introduce here (Dg’tvq 'Q) a Békollé-

Bonami type class of weights.

Definition 7.1.13. For s+t + % >—land —1>s+¢t>—N —1, we say

that w € (Dy99?) (s > —1) if

1 1

-1
B:Brobps Rg+1+s+t+Q;q /Bw<2) 1Q+pt(2) Rg+1+s+t+Q;q /B(w(z))P i

where the supremum is taken over the pseudoballs B with radius Rp.

For @ > g and s+t > —1, we say that w € (Dg*t’q’s) (s>-1)if
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sup —— | w(z)dp Z 7/ w(2))P=Tdptgy
B:BNOB#@ (“s+t+‘3pq (B) Jp (2)dpQ+pi( )) <N3+t+QPQ(B) B( (2)) q+p'

where the supremum is taken over the pseudoballs B with radius Rp. In each

case we denote by Df;t’q’Q(w) the expression in the left hand side.

Remark 7.1.14. Constants and standard weights (w(z) = (1 — [2]|?)7) are in
(D312:@). We also have (D3"49) C (D54Q) C (K5"9?). For Q = q we have

(Kpt09) = (Dy).

Here is our good lambda inequality.

Theorem 7.1.15. Suppose that 1 < p < oo. Let w € (Df;t’q’Q) where both
s—l—t—i—% >—1and —1>s+t>—N—1 hold, or boths+t> —1 and Q > ¢q
hold. There are two positive constants C' and 3 such that for all v sufficiently
small, A > 0 and for all positive locally integrable functions f if —N —1 < s+t

ands—l—t—i—% > —1, then
Wt ({z € B Sepeaf() > 20 mly,  f(2) <) <
CD;’t’q’Q(w)'waduQ+pt({z €B: Sepesf(2) > A}). (7.1.0.2)

To show that (Dg’t’q’Q) is sufficient for the boundedness of P ; when s+t >
—1, we introduce the following maximal and fractional maximal operator. If

s+t > —1 we set:
Os,tf(z) = (1 - |Z|2)tms+t,sf(z);

more generally if s +¢ > —1 — N we set:

O;,tf(z) =(1- |z|2)tm;+t7sf(z).
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The following theorem shows together with the good lambda inequality that
(Df,’t7q7Q) is sufficient for the boundedness of Ps; from LP(wdpg) to LP(wdpuq)

when —N—l<s—|—tands+t+%>—1z

Theorem 7.1.16. For —N—1 < s+t and S—l—H—% > —1, ifwdug € (Dgt*q*Q),

there is a constant Cs 1 p q.0 > 0 such that Vf € LP(wdpg),

L Ot @y ele)din(2) < Cutpaa [ 1FEPw(E)dn (o)
Then for the case s+t > —1 and g = @ we have:

Corollary 7.1.17. Let w be a weight on B. Then for s+t > —1,s > —1 the

following assertions are equivalent:
1. Py, is well defined and continuous from LP(wdp,) to LP(wdpg);
2. Toqy s is well defined and continuous from LP(wdpg) to LP(wdptgipt);
3. Sett,s is well defined and continuous from LP(wdpg) to LP(wdptgypt);
4. we (KpheQ).

Rahm, the third and the fourth author in [111] settled the particular case
of the operators P, ; for s+t > —1,5s > —1,Q = ¢ = s. To this aim, they used
dyadic methods that have been initiated by Aleman, Pott and Reguera in the

unit disk [102].

The outline of the paper is as follows. In Section 2 we briefly give requisite
background information. We prove Theorem 7.1.2 in Section 3. From Section 4
we look at weighted estimates; there we show Theorem 7.1.5, Theorem 7.1.6 and

Theorem 7.1.7. The proof of Theorem 7.1.9, Theorem 7.1.10, Theorem 7.1.12,
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Theorem 7.1.16 are in Section 5. The proof of Theorem 7.1.15 is in Section 6.

Corollary 7.1.17 appears in Section 7.

7.2 Fundamental principles

7.2.1 Complex Analysis techniques

Throughout this paper d is the pseudo-distance defined by

.

Throughout this paper K will be a constant such that

Az, w) = 12| — ol + \1 -

d(z,y) < K(d(z,2) +d(z,y))

for all #, y and z in B. One can find the following two results in [104].

Lemma 7.2.1. For each z € B and ro, 0 < 79 < 1, if we set 2° = (1,0, -

then we have:
1.1 = ziro| > §d(z,2°);
2. |Zl — 7”0| < d(Z»ZO)§
3. |z — 20 < d(z, 2%);

N
40> |zl < 2d(2,2°).

k=2

Proposition 7.2.2. There is a constant C1 > 0 such that for all z,w,wy € B

such that d(z,wg) > Crd(w,wy) we have
1
[z wo) = {z,w)| < SI1 = {2, wo)l.
Then

1
1= (z,w) 2 5I1 = (2, w0)].
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The following result will be heavily used throughout the paper.
Lemma 7.2.3. For eachw €B,0< |w|=r<1and 0 < R < 2:
ttg(B(w, R)) ~ RN mazx(R,1 —7)]7 if ¢ > —1.

Then for ¢ > —1, (B, d, uq) is an homogeneous space in the sense of [106].

However, if B(w, R) is away from the boundary (R < (1_72“”“), the equiva-

lence remains true if ¢ < —1, and
p-1(B(w, R)) ~ R".

Proof. We are going to do the case ¢ < —1 and ¢ = —1, one can find the other

case in [104].
First case: Assume g < —1.

We show that for all R € (0, 1_7“”') We have

[ @ paldut) = RY -
B(w,R)

We have

R R
{z€B: |lo|-lul| < 5 and |1-(',w)| < 5} € B(w,R) C {= € B : ||zl —|uwl| < R;

where 2/ = ﬁ,w' = quy- We first of all recall that Ik do(2') ~
{|1—(z",w")|<R,z' €0B}

RN (see [115]).

po(Blw, 1) = |

PCSECICE / (1-
12)9dp(2).

{zeB:||z|—-|w||<R and |[1—(z’,w’)|<R}
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We set

v- | (1= |21)dp2).
{z€B:||z|—|w||<R and |[1—(z’,w’)|<R}

Then,

Y g 1—p*)9p*N1d do(z'
~ pP)pP P

lw|—R<p<|w|+R {|1—(2",w")|<R,z'€OB}

RN ,/ (1= p)?dp

|w|—-R<p<|w|+R

A

RY q+1 q+1
= O el = B = (1 ful + R
RN
= Tt 2R e - 0R)

12

RN — |w])?,

where the last equivalence is due to the fact that IR < R < 1%'“"

In the same way we get uq(B(w, R)) 2 RNT1(1 — |w|)9, using this time the

fact that
R R
{z EB: 2| — |w|| < 3 and |1 — (2, w')| < 2} C B(w, R).

Second case: Assume g = —1.

For this case, notice that

|w|+R

1 1-— R
)} = ln(ﬁ) <In3.
L—p

1—p) tdp ~ {ln <
4= ( w|—R 1—|w|-R

|w]|—R<p<|w|+R

Then p_1(B(w, R)) ~ RN. O

The following result can be found in [110].
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Lemma 7.2.4. 1. For ¢ < —(N + 1), each |K,(z,w)| is bounded above as

z,w vary in B.
2. For each q € R,

(a) |K4(z,w)| is bounded below by a positive constant as z,w vary in B.

In particular, K (z,w) is zero free in B x B.

(b) there is a py < 1 such that for |z| < po and all w € B, we have

RK,(z,w) >

1
5
Proof. We recall that

(N+14q) .
e = 3 R g i g

k!
Ky(z,w) = Y )
2P (L 11— (N +q)(zw) = ;)m(%w) , if g <
so Kq(z,w) = ch(qﬂz,w}k = ch(q)vk = kq(v) where v = (z,w). By
k=0 k=0

Stirling’s formula cx(q) ~ kV+9 (k — o0), so that when ¢ < —(N + 1), the
power series of kq(v) converges uniformly for v € D. This shows boundedness.
When ¢ < —(N + 1), see that k, is not zero on a set containing D — {1}. The
reason for this is that the first term 1 (for k¥ = 0) of the hypergeometric function
kq is positive. But also kq(1) # 0. Thus |k4| for ¢ < —(1+ N) is bounded below
on D.

If g=—(1+ N), then k_14n)(v) = vlog(l —v)~. On D — {1}, k_(14n) is
not zero and |k_(14ny(v)| blows up as v — 1 within D. So [k_(14 )| is bounded
below on D.

The claim about |ky| for ¢ > —(1 4+ N) is obvious and the lower bound can

be taken as 2-(1+N+49)_ Then (1) follows.
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Finally, |K,(z, w)| <1+ C’Z ENT4|(z,w)|* for some constant C' and
k=1

O Kz w)f < C Y KNFf Ml < Oz Y kT
k=1 k=1 k=1

for all z,w € B. The last series converges, say, for |z| = %; call its sum W and

set po = min{3, 547 }- If [2| < po, then

(z € B).

N | =

O kN2 w)k| < CW 2| <
k=1

This is, |Kq(z,w) — 1| < § for |z| < pg and all z € B. This implies the desired

result (2). O
One can find this in [115].
Proposition 7.2.5. Let
1 —w[?)?
I= |1 _ Z ’LU |1+N+cdp’(w)a
ford > —1 and c € R. We have:
(i) I ~1ifc<d;
(ii) I ~ #logﬁ ifc=d
(iii) T~ (1 —|z>)~ (=D if ¢ > d.
Theorem 7.2.6. FEquipped with the following equivalent scalar product
9 = [ BFCTEG ). a+2t> -1,
Bg s a Hilbert space with reproducing kernel given by:
oo
(N+1+q) PR
eerexmyncze I ZT@,WW if ¢
K, (z,w) = k=0
Fi(1,1;1 = (N + q); (z,w)) > i (z,w)F, if q <
) ; - ; Z7w = 1 AT N Z7w ) 1 —
241 q kzo(l_N_q)k q
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7.2.2 Harmonic Analysis techniques

The following result can be found in [106] and will be helpful in the proof of

Theorem 7.3.1.

Theorem 7.2.7 (Coifman and Weiss, [106]). Let (X,d, ) be an homogeneous
space and let K(x,y) be a function such that K (x,.) :y — K(x,y) € L*(X). If

the operator T defined by

Tf(x) =/XK(ar7y)f(y)du(y)7

satisfies the following two conditions:
1. there is a constant Cy such that | T fll2 < Ci||f|l2;

2. there are two constants Co and C3 such that for all y,yo we have:

/ | K (x,y)— K (z,y0)|du(z) < C3, (Hoérmander Condition)
d(z,y0)>C2d(y,y0)

then for all p, 1 < p < 2, there is a constant A, depending only on C;,i=1,2,3,

such that for all f € L? (" L? we have: | Tf|l, < Apllfllp if p>1 and VA >0 :

plfr € X ¢ [Tf@)] > M) < A4 21

One can find the following result in [108].

Theorem 7.2.8 (Marcinkiewicz Interpolation Theorem). Let pg, p1 be such that
1 <pg<p <oo. Let T be a sublinear operator defined from LP° + LP* to the
space of measurable functions. Assume that T is simultaneously of weak type
(o, po) with operator norm Ap, p, and of weak type (p1,p1) with operator norm

Ay pr- Then for every 0 <t <1, T is of (strong) type (p,pr) where

1 t 1-—t
— = — 4 .
Y43 Do b1
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Moreover, if p1 < 0, then ||Tf |y, < Ap, || fllp, with

1
A —9 Abo o _ Al o ]
Pt,Pt pt( .
bt —Po DP1— Pt

If p1 = 0o, we can take

1
APo Iz
Apmpt =2 |:pt D Pi»;oo] .

The fractional maximal function is defined as follows:

1

M'yf(z) = BS:ESB Vl_'Y(B)

/ Fw)ldv(w), 7 € [0,1).
B

When v = 0 it is the Hardy-Littlewood maximal operator. The following result
will be used in Section 7.5 in the study of our maximal and fractional maximal

function. One can find their proof in [107] or in [112].

Theorem 7.2.9. Let X an homogeneous space, 0 <~v <1, 1 <p<r < oo and

a pair of weights (u,v), then the following are equivalent:

(i) there exists a constant Cy > 0 such that

( /. [wau)mu)dy(x))’l" -c ( [ lm)'pu(x)dy(x));

for any f € LP(X, udv);

(i1) there exists a constant Cy > 0 such that

3=

< Cy ( /B u' (x)du(x)f

( /BWﬂxw“’”><x>rv<x>dy<x))
for any ball B C X.

We will also make use of the following class, in Section 7.5, in the study of
our maximal and fractional maximal function and to establish the good lambda

inequality.
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Definition 7.2.10. A measure wdp, is in the (4,,a) (1 < p < oo) class if

there is a constant Cp(w) such that for all pseudo-ball B := B(¢, R) we have:

(g [ @) (i [ <w<z>>p—ﬁdua<z>)p1 < Cylw).

Definition 7.2.11. A measure wdy,is a Muckenhoupt weight or is in the
(Ao, @) class if for all 4 such that 0 < § < 1, there is 8, 0 < 8 < 1, such

that for all pseudo balls B of B and for all measurable subset E of B we have:
ta(E) 2 6pa(B) = wdpa (E) > Bwdpia(B).

We give now two properties of Muckenhoupt weight that we will need later

(see [108]).

Lemma 7.2.12. Ifo € (Ac,a) then there are two positive constants, A and By

such that for all ball B and a measurable subset E of B we have:

Bo
odjia(E) < A (jﬁ@) odjia(B).

Theorem 7.2.13. The Hardy-Littlewood mazimal operator is bounded on LP (wdp,

p < 00, if and only if wdp, € (Ap, @).
The following known lemma will be use in Section 7.6.

Lemma 7.2.14. Let (X, A, 1) a measure space. Let f and g two positive mea-

surable functions such that for allt > 0

w{x e X : f(x) > t,9(x) <ct}) <au({z e X : f(x) > bt}),

where a,b and ¢ are positive constants such that a < b (1 < p < c0). Then

c P
||f||§ < ml\g\\ﬁ-
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We will use the following lemma in Section 7.5 to show Lemma 7.5.1 and

Lemma 7.5.2. One can find it in [104, 113].

Lemma 7.2.15. Let a > —1 — N, there are two constants Cy,Ca(Cy > 0) such
that Vz, w, wg € B such that |1 — (z,we)| > Crd(w, wq), then:

1 1 d(w,wg)

- < :
(1= (z,w)) N (1= (z,wo))NH1He | — e 11— (2, wo) [N Fe+2

7.3 Weak Type L' Inequality for P;; and T,

In this section, we will prove Theorem 7.1.2 that we first recall here.

Theorem 7.3.1. In the case ¢ = s, s+ 2t > —1 and s+t > —1 with s > —1

the operators Py, are bounded from L to Ly° and not from L to L.

Proof. The kernel of P ¢ is Hy (2, w) = (1_(3;)'% We are going to pro-

ceed in three steps.
Step 1: Show that Hy+(z,.) € Lg, Vz € B.

Indeed, we have

—[2*)*
/'H” 2w dpigw / |1 — (2, w)P(N+1+s+1) dpig(w)

—[21%)* g
= (1— |z|)2(N+1+s+t) /]B(l — |w[*)?dp(w)

where in the second inequality, the member of the right hand side is finite be-

cause ¢ = s > —1.

Step 2: Show that Py is bounded from L2 to L.
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We have to show the boundedness of T’ s from L7 to L2, ,,. By Kaptanoglu
and Ureyen, for a =s+1t¢,b=s, p=P =2 and Q = g + 2t (this is the reason

g+ 2t > —1 is needed), this holds.

Step 8: Show that there are two constants C; and C5 such that Vw,wy € B

we have:

/ Ha o (2,w) — Ho (2 w0)|dpag(2) < Co.
d(z,w0)>Crd(w,wp)

This was already done in [104] (see the proof of [104, Proposition 1] choose

a=q+t+1).

Because of Step 1, Step 2 and Step 3 we have by using Theorem 7.2.7 that
the operators P;; are bounded from Lé to Lé*"o. Observe that Ps; is bounded
from Lé to L}] if and only if T4+ 5 is bounded from Lé to L}] 1¢; and by Theorem

7.1.1, Tsy¢, is not bounded from L to L, , because ¢ = s. O

Remark 7.3.2. In the case a > —(N + 1), the operators T}/, are bounded from

L}] to L}I’OO if we have the following two conditions:
i)a<b
i) —1<qg<b.

The case a = b =g > —1 is due to Békollé in [104] and the remaining cases is

by Theorem 7.1.1.

Remark 7.3.3. In the special case b = g, Tj}b is self adjoint and bounded from
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LP to itself for 1 < p < co. Indeed, let f € LF and g € LZ/. Then

Ttz = [ [ Kalevw) )0 = 0P ()10 = o))

/ Fw)(1 — w2y / Ka(w, 2)g(2) (1 — |22)2dpu(z)(1 — [uo]?)du(e

/f T, 9(w)dig(w)

<fv( ab) >L37

where

(T2,) g(w) = (1 — )’ / Ko(w, 2)g(2) (1 — |2[2)7du(2).

Observe that when b = ¢, (T}},)* = T, and since T, is bounded from L}
to Lh when 1 < p < 2, then T}/, = (T;Z’b)* is bounded from Lgl to Lg/ with
2 < p < oo.

Remark 7.3.4. By Remark 7.3.2 we have that Tqb is of weak type (1,1) and let
A1 be the operator norm. By Theorem 7.1.1 we have that T, is of (weak)
type (2,2) and let Az 5 be the operator norm. Applying Theorem 7.2.8 leads

us, with a better estimation of the operator norm

A1,1 _ A%,z
b p—1 2-p

to a new way to have the boundedness of T\ , from LP to LY when 1 <p < 2. In

1
P

App =2

)

the special case b = ¢ we have the boundedness from L to L when 1 <p < oo

because in this case Tqb is self adjoint.

7.4 Weighted estimates

In this section we will give a proof of our criterion for the weights that provide

boundedness of Tj, ;, when a < —n — 1 (respectively Ps; when s+t < —N —1).
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We start first with some general necessaries conditions.

7.4.1 Preliminary Necessary Conditions

Lemma 7.4.1. For ¢,Q € R, if T, (a,b € R) is well defined and continuous

from LP(wdpug) to LP(wdpug), then w must be in L'(dug).

Proof. Let f(w) = (1 — |w|*) "X p(0,r)(w) where B(0, R) is the Euclidian ball.

Then

Tapf(w) = [RKa(w7Z)(1 = 2) " xBo,r) (2) (L — |2*)°dp(2)

- / K, (w, 2)du(2)
B(0,R)

- / Ko(z,w)dp(z)
B(0,R)
= K,(0,w)u(B(0, R))

— u(B(0, R).
Since T, 5 is well defined and continuous from LP(wdp,) to LP(wdpg),

/B (T f(2)Pw0(2)di(2) < oo,

so that,
#(BO.R) [ w(Eno(z) < .
then
[ weng(e) < .
and w € L (dug). O

Lemma 7.4.2. For q,(Q) € R, if Ps; is well defined and continuous from

LP(wdpy) to LP(wdug), then w must be in L' (dpgipt)-
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Proof. Let f(w) = (1 —|w|?)"*x5(0,r)(w) where B(0, R) is the Euclidian ball.

Then

Py f(w) = (1 [w]?)" /B Kore(w, 2)(1 = [21*) " xp(o,r) (2) (1 = [2*)*du(2)

— (1 [w])! /B o Kl )

SOl [ Kt
— (1~ w®) Ko al0, w)n(B(0, R))

= (1 —[w*)' u(B(0, R)).
Since Ps; is well defined and continuous from LP(wdp,) to LP(wdpg),

/B 1Py (2)Pe(2)dpi (2) < oo,

so that,
W (BO.R) [ wEdigin(z) < .
then
[ Engin() < .
and w € LY (dug1pt)- O

Lemma 7.4.3. Let w be a positive locally integrable function and q,Q € R. If

Top is well defined and continuous from LP(wdpg) to LP(wdpg), then W T e
LY(dptqspr(v-q))-

Proof. Assume that T, j is well defined and continuous from LP(wdy) to LP (wdpg)
We want to show that w1 € LY(dftgip(p—1)(b—q)), in other words we want to
showw™! € LV (Wt p(p'—1)(b—q))- Assume that w™" is not in L (Wdkt gy p(p'—1) (b—

then by the Riesz representation theorem there exists a positive function A in
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Lp(wd'[tq+p(pz_1)(b_q)) such that

(hy W™ ) qp(p—1) (b—q) = OO

This means that

o0 = / 2)dpiq+p(p'—1)(b—q) (2)
/h —2]?) p(p -1)(b—q) dpg(2)
= [ hE 1= P gy )
B

- / B(2)(1 — [P 100 gy (2).

Since h € LP(wditgyp(pr—1)(b—q)), then g € LP(wdp,) where g(z) = h(z)(1 —

|Z|2)(P/—1)(b—‘1), Vz € B. So that

T, 49(0) = / B(2)(1 — 2P 100, () = oo,

contradicting the fact that Tj ; is well defined and continuous from LP(wdjiy)

to LP(wdpg). O

Lemma 7.4.4. Let w be a positive locally integrable function and q,Q € R. If

Py (s,t € R) is well defined and continuous from LP(wdpg) to LP(wdpg), then
-1

we=t € Ll(d/"qup’(sfq))'

Proof. For the proof, we refer to the proof of Lemma 7.4.3 and notice that

Ps,tg(o) - Ts+t,sg(0)' O

Proposition 7.4.5. In the case s+t < —1 and Q < q, or in the case s +t +
% < —1, there are no weights w such that both conditions w € L'(dug+pt)

and wr T € LY(dpigspr (s—q)) hold at the same time.

137



Proof. Let s+t < —1, Q < g and B be a pseudo-ball that touches the boundary.

Then

= [ =Ry E )

< ([ wou- i) ([ o e - e eoa)
. ) (] )

< ([ w1 dut)) " ([ o T - )T D du()
(. ) (. )

such that necessarily w ¢ L' (dug4pt) or wiT ¢ LY(dptgqp (s—q))-

e

Let s+t + % < —1, and B be a pseudo-ball that touches the boundary.

Then

oo:/ ditgya-a(2)
B P

= [ el )
B

s—44 Q
= [a=lpy )

1

- / Wi (2)(1 = |2) T w7 (2)(1 = 22 R dpu(2)
B

1
7

<([eon- |Z|2)Q+ptdu(z)>; (Lo e tepreoaue) )

such that necessarily w ¢ L' (dug4pt) or Wi ¢ LN (dptgrp (s—q))-

7.4.2 The case wherea < —-N—-1land s+t<—-N -1

Here we are going to characterize the boundedness of the operators T}, Ps+

)

from LP(wdpg) to LP(wdpg) where w is a positive locally integrable function,
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where a < —N —1land s+t < —N — 1.

Theorem 7.4.6. In the case a < —(N +1), T, is well defined and continuous

from LP(wdpug) to LP(wdug) if and only if

</Bw(z)d“@(20 (/B(w(z))p_lldﬂqw%bq)(z))p1 < 0.

Moreowver,

sl = [ wtranata) ( [ <w<z>>p—ﬁduq+p/<b_q><z>)pl .

Proof. Assume that

</Bw(z)duQ(Z>> (/ma(w(z))plld“q+p'(b—q)(z))p1 < o0.

We have

([ msereeane) < [ ( [150)1dn0) v
(/B 2)dpiq(s ></|f (= )

where the first inequality is due to the fact that K, is bounded when a <

—(N +1). We also have

([ @lan=) = ([ -1emr i)

= ( / FEIWE)T W) - |z|2>b-qduq<z>)p

< ([1reraean@ ) ( [y - e

Then T, ; is well defined and continuous in L”(wdp,) when

([eana) ([ (w(z))plld/,aﬁp,(bq)(z))p_l .

Now assume that T, ; is well defined and continuous from LP(wdy,) to
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LP(wdpg). Let pg be as in Lemma 7.2.4, then for positive functions we have

[ 1Tt @Pe@ing) = [[1 [ Kales) fs)dt)P(dngl)
> [ [ REu (s £ ()Pl )
> /| L / RE (2, 5) £ (5)dpo () Pl 2)dagy (2)

> / |F(8)ldn(5))Pw(2)dpq (=)

[2]<po

1
— ([ ldm)? [ we)duo(e).
B [2|<po
By continuity of T, ; there exists a constant Cq 3 p 4,0 > 0 such that
[ 1T GIPelE)dio) < Canpacy [ 1£G)Plz)di(2),

for all f in LP(wdp,). Hence,

;(/ (2)duq(z )( [ G )sca,b,p,q,g J17GIPet)di )

for all positive f in LP(wdu,). Let f(z) = (w(z))v%ll(l —|z2)@ D09, e B,
We have that f € LP(wdp,) by Lemma 7.4.3. Replacing f in the last inequality

we obtain

</|z|<p0w(z)ducz(z)> (/B(w(z))pllduﬁp,(bq)(z)>p_1 < 2Cp a0 < .

Then
(/B(w(z))”lldqu(bq>(2)>p_1 < 0.

Using Lemma 7.4.1, we get
-1 p—1
([eaua®) ( [ o) <.
O

Theorem 7.4.7. In the case s +t < —(N + 1), there are no weights w such

that Ps; is well defined and continuous from LP(wdpg) to LP(wdpqg) for Q < q.
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Proof. This is due to Proposition 7.4.5, Lemma 7.4.2 and Lemma 7.4.4. O

Theorem 7.4.8. In the case s+t < —(N + 1), if Q > q, then Ps; is well

defined and continuous from LP(wdug) to LP(wdpg) if and only if

(/Bw(z)duczﬂnt(z)) (/B(w(z))pllduﬁp,(sq)(z)>p_1 < .

Moreover,

1Pl = ([ wldigunt)) ([ (w(z))paduq+p,(s_q)<z)>’”1_

Proof. Assume that

We have

([iPecsipeiane) s [0 ([ 17610 v
-/ ( / If(v)ldus(v)> ()i pi(2)
= ([ wtriaen) ([ 156 itz )

where the first inequality is due to the fact that K4 is bounded when s+t <

—(N +1). We also have

(/ nerme ) (/ @) (@ <>>i<1—|z|2>s—4duq<z>)p
<(/ If(Z)I”w(Z)duq(Z)> ([ewenTyia- 2y ea

Then P;; is well defined and continuous from LP(wd,) to LP(wdug) when

(/BW(Z)dMQ+pt(Z)> (/B(w(z))‘”llduq+p/(sq)(z)>p_1 .

Now assume that P;; is well defined and continuous from LP(wdp,) to
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LP(wdpg). Let py be as in Lemma 7.2.4, then for positive functions f we

have

[ 1Pt GIPeeldiat:) = [ 1 [ Kussteow) i) Po(:)ug ()

> [ < |/B%Kert(Zaw)f(w)d:us(w)|pw(z)d:U’Q+pt(2)
Z|=po
1

— o[ Sy [ o).

B |z|<po
By continuity of P, ; there exists a constant Cs ¢ p 4,0 > 0 such that
[ 1Paf (P a) < Curpaa [ £GP () ),

for all f in LP(wdp,). Hence,

;(LKN<>wmm )(/u )l dps (> ) < Cutpaa [ 1FGIeE)di()

for all positive f in LP(wdp,). Let f(z) = (w(z))P%ll(l— |2[2)® -D6=9) | vz e B.

Then f € L?(wdp,) by Lemma 7.4.4; Replacing f in the last inequality we obtain

1 p-1
(/K M@W@m@0<4W9V1WHMkM@> <PCyspaa < 0.
Z|>po

Then

Using Lemma 7.4.2, we get

(/BW(Z)dMQ+pt(2)> (/B(W(Z))'”llduq+p/(sq)(z)>p_1 < .

7.5 The case wherea > - N—-1and s+t > —-N—-1

Here we are going to start the study of the boundedness of the operators Ty, ;, and

P, ; from LP(wdpg) to LP(wdpg) in the case a > —(N+1) and s+t > —(N+1)
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respectively.

7.5.1 Necessary Conditions

To obtain our necessaries conditions, we are going to use the following lemma.

Lemma 7.5.1. Let B; be a pseudo-ball of radius R sufficiently small touching
the boundary of B. There is a pseudo-ball B; with the same radius touching the
boundary of B, sufficiently far from B; but such that, if wqy is the center of B;:
d(z,wp) > Crd(w,wp), for every z € B; and for every w € By, for C as in
Lemma 7.2.15. For such Bj, for all non negative functions with support in B;

we have if a > —1 — N:

1
Tasf( > Copmirs /B J(w)dynw).

In particular, if a > —1 then:

1
o)) Copes | Fwd )

for all z € B; i # j;i,j = 1,2. The constant C,yp does not depend of B;, B;

and f. Then if Ty p is well defined, then b has to be larger than —1.

Proof. Let wy be the center of B;. If R is sufficiently small, we take B; such
that for all z in B; and for all w in B;, we have d(z,wo) > Cid(w,wp) where
(1 is as in Lemma 7.2.15. Let f be a non negative function with support in B;

and let z € B;, we have

1

Tesf(2) = Tz epyrire /B Flw)din ()

1 1
' /B [(1 — (z,w))N¥1ta (1 — (z,wp))NF1+e F(w)dpip(w).
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Then

Tapf(2)] 2 = <Z7;0>|N+l+a /Bi f(w)dpy(w)

_/B

By Lemma 7.2.15 and Proposition 7.2.2 we have

1 _ 1
(= () VF 50 (1= (zwg) VI

f(w)dpp(w)

1 1

1
‘(1 — (z,w)) N+1+e - (1 — (z,wp))N+1+a

1
211 — (z,wo) [N +atl’

<

so that

Tapf(2)] > %|17<Z,U)10>|N+1+a /B f(w)dpp(w).

Since our pseudo-balls touch the boundary and since d(B;, B;) ~ R, we have
|1 —(z,wo)| < R.

Hence

T )2 5 s [ (o)

By Lemma 7.2.3, if a > —1 and because B, touches the boundary we have

pa(B;) =~ RNT1+e 5o that

1
T (2 iy, St

O

Lemma 7.5.2. Let B; be a pseudo-ball of radius R sufficiently small touching
the boundary of B. There is a pseudo-ball B; with the same radius touching the
boundary of B, sufficiently far from B; but such that, if wqy is the center of B;:
d(z,wo) > Cid(w,wp), for every z € B; and for every w € B;, for Ci as in
Lemma 7.2.15. For such Bj, for all non negative functions with support in B;;

we have when —1 — N < s+ t:
(1—z[*)*
|P5atf(z)| Z CS tRN+1+s+t f d/*L
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and when s+t > —1 we get:

—z 2\t
Pt = S E [ i)

forall z € B; i # j;i,5 =1,2. The constant Cs; does not depend of B;, B; and
j : J

f. Then if Ps; is well defined, s has to be larger than —1.

Proof. This is the consequence of Lemma 7.5.1 because Ps ¢ f(2) = (1—|2|?)! Tsi1.s f

O
We are now ready to prove Theorem 7.1.9.

Theorem 7.5.3. If T, is well defined and continuous from LP (wdp,) to LP(wdug,

for Q < q then if a > —1 we have:

p(B) w(B) =1 / .
pseudofbalslljpB:BﬂﬁByﬁZ <MZ(B) LW(Z)dMQ(Z)> (/J%(B) \/B(CU(Z)) d'LLq+p (b—q)(

Q.

More generally if a > —(N + 1), then:

1o (B) / s (B) / =1
su _— w(z)d z _— w(z))r=1du,
pseudofballspB:BﬂaB;éz (RgN+1+a) B ( ) NQ( ) RQéN+1+a) B( ( )) IU”I

.¢]

where Rp is the radius of B.

Proof. Assume that a > —(N +1) and T, ; is well defined and continuous from
LP(wdpg) to LP(wdpg) for @ < g. Then there exists a constant Cqpp.q.0 > 0

such that

/ s f(2)Pw(2)diia(2) < Cappaa / F()Pw()dg(2).
B B

Let f be a positive function with support in B; (we take B;, B; as in Lemma

7.5.1). By Lemma 7.5.1, we then have in the case a > —1:
1 v |
Cg,b/ —BTE </ f(w)dm,(w)) w(z)dpg(z) < Ca,b,p,q,Q/ |f(2)[Pw(z)dpg (2
Bj Ma(Bz) B; B;
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hence

i (L @) ( |

J

w(z)duQ<z>> < Clipac [ P ()

< Clapaa [ 11GIPe(:)duo(:)

Choosing f = ’; ‘;( B, ; XB; in the last inequality we get

15 (Bi)
w(B;) < (’l ——w(B;),
( J)— ,b,p,q,Qui’(Bi) ( )

where w(By) = / w(z)dug(z), k=1,j.
By,
As B; and Bj touch the boundary of B and have the same radius, by Lemma

7.2.3 we have

We then have

w(BJ)S ab,ququg;

T w(Bi)

Interchanging B; and B; (See Lemma 7.5.1) we get

P(B;)
N < 1" Ma( ? .
w(B;) < Ca,b,p,qﬁ? Mzg(Bi)W( i)

so that

i)
} w(Bi) < ;/,b7p7q7Qw(Bj)

which together with

iy ([ ) ( /

leads to

([ snt) ([ wiae)) < Clhpa [, 17w

w(z)duQ<z>> < Clapaa [ 1IEP()()

J
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Then choosing () = w1 (2)(1 — [22)# D=0y (=) (f € LP(wdn,) by

Lemma 7.4.3) in that last inequality we obtain

(80 [ o)) (23 [ wtn P b)) < Clhnne

when —1 — N < a < —1 it is sufficient to replace juq(B;) by RNt in the

proof. [

Theorem 7.5.4. IfT, ; is well defined and continuous from LP (wdp,) to LP (wdpg,

for Q > q then if a > —1 we have:

Mb+%(3) “b+%(3) =1
o (mB) / w(z)duQ<z>> (uZ(B) | @ g ()

where the supremum is taken over the pseudoballs B.

More generally if a > —(N + 1), then:

/Lb.t,_%(B) .U'b.:,.%(B) =
sup W/Bw(z)dﬂcz(z) W/B(W(Z))pldﬂq+p’(b—q)(z)

B:BNOB#£@

where the supremum is taken over the pseudoballs B with radius Rp.

Proof. The proof is similar to the proof of Theorem 7.5.3, except that we choose

the first testing function to be f(z) = (1 — |2]2 ) 7 XB,. O

Theorem 7.5.5. In the case —(N +1) < s+t < —1 and Q < q, or in the
case s+t+ % < —1, there are no weights w such that P, is well defined and

continuous from LP(wdug) to LP(wdpg).

Proof. This is due to Proposition 7.4.5, Lemma 7.4.2 and Lemma 7.4.4. O

Theorem 7.5.6. In the case —(N +1) < s+t < —1, with s+t + % > —1if

P, ¢ is well defined and continuous from LP(wdpug) to LP(wdug) then

Q—q Q—gqg
Ry = Rg" —1
e W /B w(2)dpiqQ+pt(2) RN /B (W(2)) 7 T dpigip (s—g)

where the supremum is taken over the pseudoballs B with radius Rp.
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Proof. Assume that —1 > s+¢ > —(N + 1), with s +¢ + % > —1 and Ps,
is well defined and continuous from LP(wdp,) to LP(wdpg). Then there exists

a constant Cs; p 4.0 > 0 such that

/ Porf(2)Po(2)dpo(2) < Cotp / F(2) Peo(2)dg(2).
B B

Let f be a positive function with support in B; (we take B;, B, of radius R as

in Lemma 7.5.2). By Lemma 7.5.2, we then have

1 p
¢t | g ( /B f(w)dus(W)) w(dgp(z) < Cura | REOLE

hence

T — ( A f(w)dus(w))p ( / J_ W(Z)dHQ+pt(Z)> < Clupa [ VCIP(2)

Choosing f(z) = (1 — |z\2)Q;q+tXBi(z) in the last inequality we get, because

N+s+t>-1,

R [ w@digun(a) < [ w(e)dugin),

B; :

Interchanging B; and B, (See Lemma 7.5.2) we get

R [ wl@dugins) S [ wle)dugun(),

B, :

which together with

S ( / f(w)dus(w)>p ( /| w(z)duw(z)) < Clupaa [, AP

lead to

R®—4 ,
. ( [ ) ( / iw(z)duw(z))scs,t,p,q,Q JREELC

Then choosing (=) = w1 (2)(1 — [22)FDE~Dyp (2) (f € LP(wdng) by

Lemma 7.4.4) in that last inequality, we obtain

Q—q

R R o
(RN—H—FS-H /B iw(z)dumm(@) <Rw+1++f /Bi(w(z))"‘ldﬂq+p/<s—q)(2)> <
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In the same way we have

Theorem 7.5.7. If P, ; is well defined and continuous from LP(wdpg) to LP (wdpg)

for Q > q, then if s+t > —1 we have:

Q—q Q—gq
R, / R, / .
su —_— w(z)d z —= w(z))r=Tdu, .
pseudofballspB:Bﬂf)B;é@ ps+(B) Jp (2)dhqpn(2) phstt(B) B( =) Hat

where Rp is the radius of B.

Proof. The proof is similar to the proof of Theorem 7.5.6, we choose the first

testing function to be f(z) = (1 — |z|?) Q’;QHXBi- O

Theorem 7.5.8. In the case s +1 > —1 there are no weights w such that Ps ;

is well defined and continuous from LP(wdpg) to LP(wdpug) for @ < gq.

Proof. We are going to proceed in two steps.
Step 1: Show that in the case s+t > —1, if P, ; is well defined and continuous

from LP(wdpg) to LP(wdpg), for @ < g, then we have:

1 1 —1
su — [ w(2)d z _— w(z))r—1d ,
pseudofballspB:BﬂaB;éz <Ms+t(B) /B ( ) MQ_HDt( )> <:us+t(B) A( ( )) Nq-i—p

Assume that s +¢ > —1 and Ps; is well defined and continuous from
LP(wdpg) to LP(wdpg) for @ < g. There exists a constant Cs 4 p 4.0 > 0 such

that

/IPs,tf(Z)\”w(Z)duQ(Z) < Cs,t,p,q,Q/ [f(2)Pw(2)dpg(2), [ € LP(wdpg).
B B

Let f be a positive function with support in B; (we take B;, B; as in Lemma

7.5.2). By Lemma 7.5.2, we then have
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W (B (/ f(w)dps(w ) (/BjW(Z)dluQert( ><C"tqu/ IF(2)Pw(z
< Clipaa [, VEPSE)

Choosing f(z) = (1 — |z|*)*xB, (2) in the last inequality we get

[ @) < [ w)dugin(e)

B; s

Interchanging B; and B; (see Lemma 7.5.2) we get

/B g in(s) < / w(2)dpigapt(2),

J

which together with

W (B (/ fw)dps(w ) (/ij(z)dumpt( ><0'tqu/ (o) Pw(2)d)

lead to

W (B (/ f(w)dps(w ) (/B_w(z)duQﬂat( ><C’tqu/ £ (2)Pw(2)dp

i

Then choosing f(2) = (W (2))(1 = [2[2)# D60y, (2) (f € LP(wdpsy) by

Lemma 7.4.4) in that last inequality we obtain

(g [ e@tnan®) (i [ (w(z))pﬁdqu(sq)(z))p_l .,

Step 2: Show that

su w(z)d z w(z))r=1d ,
pseudofballspB:Bﬂc'?Byﬁ@ (/Ls+t(B) B ( ) uQert( ) ,us-‘rt(B) B( ( )) Mq+p

Let
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Let B be a pseudo-ball that touches the boundary and Rp its radius. By

Holder’s inequality we have

ps+t(B) Z/Bdﬂsﬂ(z)

- / (1 =) dp(z)
B

< ([ wtaa- z|2>q+ptdu<z>)’l’ ([ a1y e-oaucs)

Note that for z € B we have 1 — |z| < 2Rp. Then

() < ([ wtor = kRyran) ) ([ w10 - |z2>q+f°’<s-q)du<z>)p
= ([ w0 - ppr e ) ([ orea - o,

< (2Rp)"7 (/BW(Z)(l - Izz)Q“’tdu(Z)) (/Bw‘pll(z)u _[zf2yat G

Hence

@)@ < ot ([t = @) ([ o n - apyer

=11

Taking the sup over smaller radii, we get sup Il = co. O

7.5.2 Maximal Functions

We introduce for b > —1 and s > —1 the following maximal functions. If a > —1

we set:

1

. - B dup(w), (7.5.2.1
mabf(2) CEB,R>1—SEEZEB(C,R) ta(B(C, R)) /B((,R) Fwldpn(w), )
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more generally if a > —1 — N we set:

my f(2) = sup ;/ | £ (w)|dpep (w). (7.5.2.2)
B(¢,R)

CeB,R>1—|c|:z€B(c,r) R T1Te

If a > —1 we set:

M,vf(z) = sup /|f )| dp (w (7.5.2.3)

B:zeB ,U/a

and more generally if a > —1 — N we set:

1
M) = sup s [ 15 dn(w). (75.2.)
If s+t > —1 we set:
Ouf@) = (1= s [ p(w)ldw),
ceBR>1—|c|:zeB(c,R) Hs+t(B((, R)) JB(c.m)
(7.5.2.5)
more generally if s+t > —1 — N we set:
O, f(2) = (1— |22 sup e [ )lduw).
’ ¢eB,R>1—|C|:zeB(¢,R) ‘ B(¢,R)
(7.5.2.6)
Let finally define the following fractional maximal function
M f(2) = sup / F@)ldu(w), € (©0,1).  (T5.27)
B:zeB ,ub

Note that for a < b we get by Lemma 7.2.3 M, ~ M, with y =1 — %jﬁiz

For all k € (0,1), we define the operator of regularisation RZ

1

b _
Bif@) = B

[ 1@dm), (752.8)
By (z)

where By(z) = {w € B: d(z,w) < k(1 —|z])}.
We will need the following lemmas to show Theorem 7.1.16. See [104] for

the proofs of the first two lemmas.
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Lemma 7.5.9. Let k € (0,2). If 2/ € By(2), then z € Byy/(2'), where k' = {%..

Lemma 7.5.10. If B := B(z, R) touches the boundary then if we take B =

B(z, K(1 + 2k1)R), then Yw € B, By, (w) C B'.

Lemma 7.5.11. For all k € (0,1), there is a constant C) such that for all

positive locally integrable function f we have if a > —1:
Mapf < Crmap(RLF),
and more generally if a > —1— N:
mgpf < Cumiy(RLLF).

Proof. We have to show that for all z and all pseudo-balls B containing z which
touch the boundary of B, there is a pseudo-ball z € B’ which touches the

boundary of B so that

1 1
/M(B)/Bf(w)dub(w) Sckua(B’) /B/

By Lemma 7.5.9, X B, (w)(¢) = X8y, (¢)(w), where k1 = kLH If B=B(z,R) (R >

1
(B (w))

/ f(@dub@)] dpup ().
By (w)

1—|z|) by Lemma 7.5.10 if B’ = B(z, K(1+2k1)R), then Yw € B, By, (w) C B'.
Note that

(B, (€)) =~ pp(Br(w)) when w € By, (¢). (7.5.2.9)

Hence

RY f (w)dpuy () = / S /B . f<<>dub<<>] dyip(w)

B’ | 11p(Bi(w))

@

[ 1
_‘ub(Bk(u]))/Bf(C)XBk(w)(C)dlLLb(C)} dpy(w)

\% I
T g

-[%(31(10)) /B f(C)XBkl(C)(w)de(O] dpp(w)
:/B UB mmxo(w)dub(w)} F(Odup(C).
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Using (7.5.2.9), we get

b 1
Emmmwwzéwwmm

:/fmwu>
B

Since p, is a homogeneous measure we have

ﬁ/}gf(wmub(w) S ua(lB,) /B Ry f (w)dpp(w).

For mfhb it is sufficient to observe that B and B’ have equivalent radii. O

[J/ Nbe, o ()dpiy(w) | F(Qdpun(0)

The following lemma appears as a corollary of the preceding one by observing

that
Os,tf(z) = (1 - ‘z|2)tms+t,sf(z)
and

O;’tf(z) = (1~ |Z|2)tmls+t,sf(z)-

Lemma 7.5.12. For all k € (0,1), there is a constant Cy such that for all

positive locally integrable functions f we have if s+t > —1:
Osif < CuOs i (RLS),
and more generally if s+t > —1—N:
O f < CuOL(RLS).
One can find the following lemma in [104] but for b = Q.

Lemma 7.5.13. For all k € (0,3), there are two constants C and k' < 1

depending only on k,b,Q, N such that for all f,g € L*(duy), f > 0,9 > 0:
| £ FaEna) < C [ a1,
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where
1

b.Q (L)
B f(2) (B (2))

/B J©dia(©) (7.5.2.10)

Proof. By Lemma 7.5.9, X, (.)(w) < XB,, (w)(2), where k' = ﬁ Because of
(7.5.2.9) there is a constant C' such that

1 w<—C% -
j(Bi(2) PO = (B (w)) Y (0

We want to form the quantity f(z)[R%g(z)] on the left while controlling it on the
right in order to use Fubini’s theorem to bring out the quantity g(z)[RZ}Q f(2)]
Then, for w € By(z)

1 C
mXBk(Z)(w)g<w) < m){gzk,(w) (2)g(w).

We form RYg(z) on the left

1 C
/Bk(z) mXBk(z)(w)g(w)dub(w) < /Bk(z) mXBk/(w)(z)g(w)dub(w)

by a multiplication by f(z) we have

f(2)REg(z) < CF (=) /B B mxBM(z)g(w)dub(w).

After integration, we obtain

/f YRYg(2)dpug (2 <c/ VB )MXBk/(w)( z)g(w )f(Z)dub(w)] dpq(

Recall that (z € B and w € By(z)) = (2 € By (w) and w € B), hence using

Fubini’s theorem

/f R 2)dug(z) < C/ [/B » WXBk/(w)(Z>f(z)dﬂQ(2)] dpuy

hence

[ £omaCInot < [ atw

1
m /Bk/(w) f(z)d“Q(Z)l dpy(w)
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then
/f< ) [RLg(=)dua(z <C/ (2)]dpus(2).

O
In Lemma 7.5.13 replacing b by s and @ by 8 we have the following result.

Lemma 7.5.14. For all k € (0,1), there are two constants C and k' < 1

depending only on k, s, 3, N such that for all f,g € L*(dus), f > 0,9 > 0:

[ £ Fgdns ) < € [ a7 £ ),

where
1

BTG = B

[ 0.
B,/ (2)
The following result will be used in the proof of Theorem 7.1.16.

Lemma 7.5.15. Let k € (0,1). There are two constants ¢,C depending only on

a,b, N,k such that for all positive locally integrable functions g if a > —1:
cMapg < RE(mapg) < Cmapg,

and more generally if a > —1 — N:
emy pg < Rp(m), ,g9) < Cmy, 9.

Proof. 1t is sufficient to show that there are two constants 0 < ¢ < C' such that
Yw € Bg(z)

cmapg(2) < mapg(w) < Cmgpg(2).
We are going to show the two inequalities. More precisely we are going to show

that there are two constants 0 < ¢ < C such that, for each pseudo-ball B
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containing z and touching the boundary, there is a pseudo-ball B’ containing w

and touching the boundary so that

O)ldps(C) (B / 19(O) (¢

and show for each pseudo-ball B containing z touching the boundary, there is

a pseudo-ball B’ containing w touching the boundary so that

57 [ a@m(©) < s [ 1a(Old¢

In each case, by Lemma 7.5.10, it is sufficient if B = B(x, R) to take B’ =
B(x, K(1 + 2kK)R). For the result with m;, , it is sufficient to notice that B

and B’ have equivalent radii. O

In the same way as Lemma 7.5.15, since Os 1 f(2) := (1 — |2[*)!'msie,s f(2)

and Of, f(2) == (1= |2*)'m{, ,f(2), we get:

Lemma 7.5.16. Let k € (0,1). There are two constants ¢, C depending only on

s,t, N,k such that for all locally integrable function g if s+t > —1:
05,19 < R} (Os19) < CO4 49,

and more generally if s+t > —1— N:
cO},9 < R0} ,9) < CO,,g.

Now we give a useful characterization of elements in (Bg’b’q’Q) see Definition

7.1.8.

Lemma 7.5.17. For a > —1, w € (B3>%9) (b > —1) if and only if there is a

constant Cqppq.0 > 0 such that

12 Qq
<b+ B) /f ) (2 ) ()<Cabqu/fp w(z)dpq(2)-
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More generally if a > —1 — N, w € (Bg’b’q*Q) (b > —1) if and only if there is a

constant Cq ppq,0 > 0 such that

My Q—q
(];;(NJrlJra)/f ) (2 ) w(B )<Cabqu/fp (2)dpq(2),

for all positive f € LP(wdpy) and all pseudo balls B of radius R such that

BNOB # @. Here w(B) = /Bw(z)duQ(z).

Proof. Assume w € (B;’b"hQ). Let 0 < f € LP(wdpq) and B be a pseudo ball

such that BN 0B # @. Then

(/f semta)) /f 1|quu()>

)7 W) - |z|2>bwq<z>)

duq(Z)) ( (@) T (1= |2 O~V

e
/fp dﬂq(z)) </ngpll( 2)dpigp (v-q) (2 ))pl.

IN

S

(
(o
(
~

(ﬂb-i-Q; /f Yy (2 ) w(B) <

- Py 2=a (B) MbJr%(B)
(et |2t ] (5t fo= oot

and because w € Bg’b’q’Q, there is a constant Cyp p,q,0 > 0 such that

o Q q
( i B /f )dp(z ) w(B )<Oabqu/fp (2)dpq(2)-

For the general case it is sufficient to replace i, (B) with RN +1+a,

If we assume that there is a constant C, 4 p 4,0 > 0 such that

My Q—q
<J;+<N+1+a)/f Jdps (2 ) w(B )<Cabqu/fP w(2)dpg(2),
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for all positive f € LP(wdp,) and all pseudo balls B of radius R such that
BN OB # @, it is sufficient to take f(z) = (1 — |z\2)(p/_1)(b_®wp;—ll(z)XB(z) to
get w € (ByhQ). O
Remark 7.5.18. The result remains true even if B almost touches the edge.

In the same way, for (Ds"%?) (see Definition 7.1.13), we have the following

lemma.

Lemma 7.5.19. For Q > qand s+t > -1, w € (D;’t’q’Q) (s > —1) if and

only if then there is a constant Cs ¢ p q,q0 > 0 such that

1 p ) |
(e [ 1eh)) [t < e [ st

P

for all positive f € LP(wdpg) and all pseudo balls B such that B N OB # @.

Fors+t+%9> -1 and -1>s+1t>-1—-N,we (Dyte9) (s> 1) if

and only if then there is a constant Cs i p 4,0 > 0 such that

1 ! P p
(M /| f(Z)dus(Z)) [ G011 < Cunpaa [ 17l i

P

for all positive f € LP(wdpg) and all pseudo balls B such that B N OB # @.
Remark 7.5.20. The result remains true even if B almost touches the edge.

Corollary 7.5.21. For C; > 1, ifw € Dg’t’q’Q then there exists a constant
Cy > 0 such that for any pseudo-ball B := B(y,r) which touches or almost

touches the edge, we have:

/ () dgen(Q) < Ca / () dpigpe(O)-
B(y,C1r)

B(y,r)
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Proposition 7.5.22. Let X be an homogeneous space. Let w be a weight in X.

For a <b, assume that there exists a constant Co > 0 such that

</B[M7(x3u1”')(x)]rv(m)du(x)y < Cs </B ulp/(x)du(z)); (7.5.2.11)

for any pseudo-ball B C X, where v(z) = RZ/Qw(z) u(z) = RZ,Q (z)(1 —

|22)2Pb=0+Q=4 dy = dy, p =71 and y =1 — %ﬂi‘; If w € (B3b9Q), there

is a constant Cqppq.0 > 0 such that Vf € LP(wdp,),

[ mest@F wl2)dua:) < [ £GPl )

Proof. Let set

III:/B(ma,bf(z))pw(z)duQ(z).

Using in this order Lemma 7.5.11, Lemma 7.5.15, Holder’s inequality and Lemma

7.5.13 we have,

11 < L [ (o Bl i)
<L [ [Rimo s B )] o))
< L7 | B [(maBL )P w(:)dio()

< oPArC /B (ma s RYF(2))PRECw(2)dus (2).

For a < b, assume that there exists a constant C' > 0 such that

</B[M'Y(XBU1p,)(l‘)]rv(x)du(x))i <Gy (/B ul”’(z)dy(g;)> :

for any ball B C X, where v(z) = RZ’,Qw(z), u(z) = Rk, w(z)(1 = |2|2)¢, dv =
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N+1l+a
N+1+4b2

dup p=rand y=1-— with ¢ is to be determined. Then we have

[ mast@Pe(eng(e) < CLAC [ (mapBir () Ry Ou(:)am(2)
<crarc / Ma o R F(2))7 R P (2)dps 2)
SCLAC (M RLF)P R () 2)

< CLAC [ (RLFGIP (1~ o) R (),

where for the last inequality we used Theorem 7.2.9. Now let us control (R} f(2))PR

We have

bzpb’sz:il pil w
(RE () By (2) <ub<3k<z>> /| k(z)ﬂodub(o) <ub<3k,<z» [, e
1 ? 1
< <ub<Bk<z>> L (Od‘“’“)> (ub(ka(Z)) [,

1 p :
< (e e 09) (i o0

where the second inequality is because k' > k, the third one is because pp (B (2)) =

1p(Bk(2)). Then

(RLF(2))PRyPw(z) <

~

ua (B (2)) 4 2=a (By (2)) )p ( )
5“<Bk'<2>>~§+m<3k/<z>>< #2(Bu (=) /B,C,@f@dub(o /| e

so that

(RZf(Z))pRZ”QW(Z) S Cappa,Q Mp+1 lz .

P(C)w(C)dpg
Dy a0 (Br(2)) GG

(B

because of Lemma 7.5.17 since it is possible to dilate the pseudo-balls By, so that
they touch the boundary and the fact that the measures du, and dpgip (b—a)

are homogeneous. By Lemma 7.2.3 we have

- M(ZIP(B/C’<Z)) - (1 o |z|2)2pa—2pb—b—(Q—q)—(N+1).
b (B (2)Hy, o g (B (2))
D
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Recall that we already have

/B (a0 f(2)Pw(2)dpq(z) < CLAPC! / (1 |2[2)°+ 0~ (R £ ()P RE:Cow(2) dpa(2).

Let us set

IV = [ (= )0 (R () R () (o)

Hence, using the previous control of (R} f (z))pRZ’,Qw(z) and Fubini’s theorem,

we have
IV < / (/ (C)d,uq(g)> (1— |Z|2)C+(b_a)+2pa_2pb_b_Q+q_1_Nd/.la(Z)
B \JB (2
5/}3(/}3)(3,9, Z) |z| )c+(1 2p)(b—a)—b—Q+q—1— Ndu ( )) fp(C)w(C)d,uq((
5/ (/ XBy (¢ |Z|2)C+(1_2p)(b_“)_b_Q+q_1_Ndua(z)> fp(C)w(C)duq(‘
B \J/B
: / (/ X () (2)(1 = 'Z'2>”W’“)Q+“Ndu<z>> 7 (Qw()dpg(O)

< / (1= |¢[2)°22 =0~ (@~ 2(¢ )¢ dpg (C).
B

The proof is complete if we take

c=2p(b—a)+(Q—q).
O

Remark 7.5.23. The result in Proposition 7.5.22 says that if we assume that
the Sawyer type condition (7.5.2.11) holds, then the necessary condition w €
(Bg%9) for the boundedness of T, from LP(wdjpig) to LP(wdpg) is also suffi-
cient by the good lambda inequality in Theorem 7.6.3. Since we do not know if

€ (B;7b>q’Q) implies the Sawyer type condition, we will provide in the sequel

a testable sufficient condition for the boundedness of Tj, ; in this situation.
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Lemma 7.5.24. For s+t > —1, or for —N — 1 < s+t < —1 with s+t +

_ . ,Q+pt 4 Q—gq
4 5 1, ifw € DYte?, we have o(z) = Rp@HPw(z)(1 - 2275 €

(Ap,s+t+ b )-

Proof. We have o(z) = R23Q+ptw(z)(1 —|z]2)7" % e (A Q-q) if

P

1 1 o \
(W/Ba(z)dMﬁH%—Q(z)) <”s+t+Qp“(B)/BUP (z)duﬁw%(z))

i+, Q+pt
Note that o(z) ~ R;, oot

p,s+t+

w(z) since dup(Bp (2)) =~ (1 — |z]?)" 1+, We

consider two cases.

First case: B := B(y,r) with r < 1 —|y|.

In this case, because of Corollary 7.5.21, there are two constants 0jcjC such

that

st+t+ 9= Q4pt
cRy, P

stt+24,Q+pt s+t+ 91 Q+pt
w(z)

w(y) < Ry, <CR,, °* w(y)

for all x € B. Then setting

1 1 -1
V= 7/azdus Q-q(z 7/Uﬁzdus Q=
<H5+t+qu(B) B ()t P ( )> <N3+t+qu(B) B ()t P

we have

p—1
Ve~ Ms+t+%(B) “s+t+%(3) _ 1L
Pstit Qe (B) Fs i+ 91 (B)

Second case: B := B(y,r) touches the edge.

Recall that our measures are homogeneous, and recall that if z € B and x €

By (z), then z € By (z) and x € B := B(y,2k'Kr + Kr). Let

= 71 w(z T — |z|? —t- S Q—q(2
vi- [ (MS(BM) /| R )) (1= o) 5 iy 0 (2),
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Then by Fubini’s theorem we have,

vi- [ (MBlk()) / k@w(m)duw(m)) dus(2)
-1/ n @ (g (a)
= [ [ e i o @la)din (dng @)
S [ ] B @ o @@ (g @)

S [ wl@diqin(e)

So we have
s 3 Q—g
VI= [ B0 - 1) 0 () S [ wl@dugin(o)
(7.5.2.12)
Let us now control (RSP w(z)(1 — |2[2)~* o )1=¢". We have

By (2))

~ [( / » w(x)duQ+pt<x>> : ( /| e

s 4 Q—q q_ 1 ., Q-gq
(Rk}Q+ptw(z)(1—|z|2) RO = ((1—z|2) =% / w(z)dy
s ( B/ (2)

Setting
VII =

-1 p—1
<~/Bk/(z)w(l')dﬂQ+pt($)> <~/Bk/(z) duHchpq(x))] 7

we have, by Holder’s inequality

VII = (/jgk/(z)w(m)duQert(a:)) (/B wr (z)w? (x)(1 =]z » T dul

- - | 470t
( / W(w)dﬂmpt(m)) ( [ ¥ <x>duq+p,(s_q)<z>> ]
L By (2) By (2)
( / w(ﬂ?)dumpt(af)) ( / w%(w)dqu(sfq) (l‘))]
By (2) By (2)
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Let us set

—1

virr= [ (R - ) d g e,

then we have

VIHS/B (/B ()W(w)dumpt(w)) (/B ()w'f/(w)dqu'(sq)(x)) w(2)

w7 (2)(1 - |2*)* Fdu(z)

so that by Holder’s inequality and Fubini’s theorem, we have

1

VIII< ( /B wf(z)dum,(sq)(z))

-1
/ ( / w<<>duQ+m<<)) ( / w(z)dumpt(z)) 0 @)ty (o
4 By (x) By ()

Finally, we obtain

VIII < / W (2)dig s (s—q) (2)- (7.5.2.13)

’

Where on the last but one inequality we used Fubini’s theorem (as in the control

of VI) and the fact that for « € By (z) we have z € By»(z) and

/ w(Q)dpoip(€) S / 0(Q)dpig4pt(C).
B () B (2)

This is a variant of Corollary 7.5.21 or simply the application of Lemma 7.5.19

for £(C) = (1— ¢ %" 1p,, () (C) with B := B(z, 2Kk (1 + k)(1 — |2])) 2

By (z) (Lemma 7.5.10) and the fact that our measures are homogeneous. Since
w € D39, we use (7.5.2.12) and (7.5.2.13) to conclude that o € (A

p,s+t+%)'

O

Theorem 7.5.25. In the case both Q > q and s+t > —1 hold, and in the case

both s +t + % >—1land -1 >s+t>—N—1 hold, ifw e D;’t’q’Q, there is
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a constant Cs 1 q.0 > 0 such that Vf € LP(wdp,),

/ (Ourf(2)Pw(2)dpa(2) < Cavpao / F () Pw()dg(2).
B B

Proof. Using in this order Lemma 7.5.12, Lemma 7.5.16, Holder’s inequality

and Lemma 7.5.14 we have

/ (0wt f(2)Peo(2)dpig (2) = / (Mo f(2))P0(2) A pe (2)

B B
<cr / (Mt n B ()P (2 e (2)
<cpar / Ry (st s RS (2)Pe0(2) i (2)
<cpar / R [(mayt, R3S (2))7)e0(2) b p0(2)

< CPAPC /IB (Meayt.s R F(2))PRECTPh0(2) dps (2).

By Lemma 7.5.24 R39Piw(z)(1 — [22) 7t e A Using natural

Q—q.
p,s+t+=

domination between our maximal operator defined by equation 7.5.2.1 and equa-

tion 7.5.2.3, and using Theorem 7.2.13, we have
/ (Ot f(2)Peo(2)dpo(z) < CPAPC / (Mises R (2))P REQH 0(2)dpay (2)
B B
< CLAPC [ (Mot o REF PR )2
B

= CEAPC/(Msﬂ,ert[(l — 2% 'Ry f(2)])P Ry w(z
B
Because in each case we have % > 0, we have that

/(Os,tf(Z))pw(Z)duQ(Z) < /(M5+t+uys+t[(l — |2 R ()P R w(2)d)
B B P

—t—Q-a g S,
< /B(Ms+t+%,s+t+%[(1 — )7 kf(z)])ka'(

< / (1= 2[2) 7Pt~ @=D(Ry f(2)) Ry w(2) dpa(2).

(7.5.2.14)
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Now let us control IX = (Rj f(2))PR5% P w(z). We have

1 P 1

IX = (Ms(Bk(Z)) /Bk(z)f(é)dus(é‘)> (Ms(Bk’(Z)) /Jak,(z)W(C)duQ+pt(<)>
1 p 1

. (mm Jovio! “Ws(@“)) (MB(» /. k/(z)momm(o)

e , v
S <M5+t+qpq(3k,(z)) / k/(z)f(é)dus(o> (/B s

W (B ()
W (B (2))

S Captpg(1 — |2P)PiH(@- 0 =s=N=1 / FPQw(Q)dpq(C),

By (2)

S Csyt,p,q,Q

/ (O (C)dpg(C)
Bk’( )

where for the last but one inequality we used Lemma 7.5.19. Hence using

(7.5.2.14) and Fubini’s theorem we have
[0t < [ (1= 2) 7@ DR () Ry ) )

< ( /| n fp(C)W(C)duq(<)> (1= [212) "N au(z)
<[( / KoL~ ) du) ) PO
/ )

Here we used Lemma 7.5.9 with £” := (k’)". The proof is complete. O

7.6 Good lambda inequality and sufficient con-
ditions

In this section we will establish the good lambda inequality that allow us to
provide sufficient conditions for the boundedness of our operators. We first

need some preliminary results.
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Proposition 7.6.1. Let >0 and s+t > —1 — N there is a constant A > 0
such that for all £ € D
R > 1—|zp| and a positive locally integrable function f and for all z € B(zp, R)

ifs+t>—1:

f(€
RP /d(zouf)>R d(Z()’g)N(JFLSﬂw dps(€) < Amgyy o f(2).

More generally if —1 — N < s+t then:

G ,
RB L(Zo £)>R d(Zo,g)N(+3+s+t+'B d/-j’s(f) S Ams+t7sf(z).

Proof. Recall that if s+¢ > —1, by Lemma 7.2.3, there is a constant a > 0 such

that for all k € N, we have g1 ¢(B(20,281R)) < a(28FIR)NH1+5+ 50 that

setting
f(§)
x-r [ djis(€
d(z0,6)>R A(20, )N H1FsF1+8 ©
we have
+o0o 1
X < ];) 2k(N+1+s+t+8) RN +1+s+t /d(zo €)<2k+1R f(f)dﬂg(f)
+oo 1
< gVt Y gk / F©)dus(€)
kz:% trs+t(B(20, 28F1R)) Jp (2021 R)
too N+1+s+t
s _ a2
< a2N+1+( +tms+t,sf( ) Z 27k = Wmsjtmsf(z)'
n=0
oN+14s+t
We can take A = alﬁ to conclude. O

Proposition 7.6.2. Let w € (D3""9), we set again o(z) = REOTPIG(2) (1 -
|Z|2)7t7% with k € (0,1/2). Set B = B(2',r) with 1 — |2/| < ¢r and L =
{zeB:l—|z|<C’(’)7mr} where C), > 0,0 <~y <1,7>0andc >0
are constants. Then if we set L' = {z €B:1-|z|< 206’7m7“} and B =

B(Z',ar) with a = K(C{+1), there are two constants Cy et Cy > 0 independent
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of v such that if s +t + % > —1 then:

s+t+%+l
wdpgpt(L) < C’lcrdus_‘_t_‘_% (L) and HisyryQsa (L) < Coy mFIFeto

(7.6.0.15)

Proof. Let k1 = then for z € L and £ € By, (z) we have z € B = B(2/,r),

1+k

11—z < C{)’ymr and z € By (&) because kf = k. Then

d(2',€) < K(d(2, 2)+d(z,€)) < K[r+ki (1-|2])] < K[r+k Chy~rrreser] < (Ch+1

because 0 < k1,7 < 1. Then £ € B = B(%,ar) with a = K(C}, + 1). Moreover,
1= ¢l < 1=zl +d(z,€) < (b + 1)(1 — |2]) < 2C,y~rirsTey

because 0 < k; < 1, so that £ € L' = {z €EB:1-|z2|< QC{J’VWT}. Then
we have

XL(Z)XBkl(z)(E) <X (€)XBy(e)(2)-
Remember that

Ps i+ Q=1 (Br(§)) ~ Ps i Q=2 (B, (2))-

Hence,

wdpgipt (L) = /w 2)dpQ4pt(2)

~

()
/L pRE e Bkl(z)dus@)) dpigipn(2)

- (e
J

( X §)xB, 5)( z)w(z)

B s Bk(f))
/ ( it (Z>dMQ+m<Z>> (1—Jg)~*
B \#al Bk<s>

= / (RZvQ-&-ptw(g)) (1—|g[2)- 2

).

&=

duQ+pt(Z)> dps(€)

A

dNQ+pt(z)> dps(€)

&=

sttt

s+t+% (5)

0ty pr9=a(
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Let us show the second inequality. Let z € B, then, d(2,2) = ||2/| — |2|| +

)
‘1 EIE

< ar. Then ||2/| — |z|| < ar and ’1 — |<ZZ,/|’|ZZ>|

< ar. Moreover, as
1—|2'| < crthen: 1 —|z| =1—|2'|+|2'| —|2| < er +ar. Then for z € L.

Setting 81 = 2C)y N and B2 = (ct+a)r, we get 1—|z| < 51, 1—|z] < B2 and

‘1 (' (z',2)

[2T=]

< ar. Then, L' C {z € B :1— |z < min(f1, B2),

{zh2)
\Z’H \

In spherical coordinates we have, for s +t + % > -1

Porrpaza(L) S (s+t+ Lp L+ / (1—p2)" 5 pdp /
1—p<min(fB1,82) [1— l(;,ll,‘z:l‘

< (s—!—t—!—%—kl) / 1-p) /
1-min(f1,82)<p<1 [1— \f’lﬁzz)\l
QL—q . Q—q

S V=) T inarpy) = 1 (min(By, B2)) T
Q- - -
< ﬁs+t+ I N(QC(/)VN‘H‘IH‘H T)S+t+qu+l o pNFsFt+ S5
then,
Nileeirs@on T 9Eee
T (7.6.0.16)

In other hand, as 1 — |2’| < ¢r, we have by Lemma 7.2.3

Pogip@za (B) = (ar)™ (max(1 — |2/], ar))
O

The following result is used to show that Ssi¢.f € LP(wdpug+pt) when

My f € LP(WdpQ+pt)-

Theorem 7.6.3 (Good lambda inequality). Let w € (Dy"49) (1 < p < 400)
in the case boths—|—t+% > —1and =1 > s+t > —N — 1 hold, or both
s+t>—1 and Q > q hold. There are two positive constants C and B such that

for all v sufficiently small, X\ > 0 and for all positive locally integrable functions
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f, we have

wpigip({z € B: Seanof(2) > 20 ml, f(2) SN <

D3 (W)Y wdpigip ({2 € B : Sereof(2) > A}D).  (7.6.0.17)

Proof. Let A > 0,0 <y < 1 and f a positive locally integrable function. Let
Ey ={z € B: Sey1sf(z) > A}. By the Whitney decomposition Lemma (see
[105]), there are a positive integer J, § > 1 and a sequence of pseudo-balls
{B;}3%2,, with B;j = B(z;,r;), such that:

.E/\:GBJ‘;

Jj=1

e Every point of F) is at most in J balls Bj;
e The balls Bj = B(z;,dr;) touch the complement of £\ in B.

To obtain (7.6.0.17), it is then sufficient to show that

wipt({z € B Seyrsf(2) > 20, mly, f(2) <9A}) < CDy P (W)Y wpqpe(B,

(7.6.0.18)
where B = B(z,r) is a ball in the Whitney decomposition of Ey. From the
third property of the Whitney decomposition, there is zg € B’ = B(z’, ér) such
that Sst¢,sf(20) < A. Without loss of generallity, assume that there is £ € B
such that mf, (f(§) < A Let B = B(z0,R) with R = max(1 — |z|, Cor)
where we choose Cy > max(c1 K (149),0) where ¢; is the constant C; in Lemma
7.2.15.

We set fi = 15f and fo = IB\gf, then f = fi1 + f2 and by Lemma 7.2.15
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and Proposition 7.6.1, we have

§
s+tsf2 / ’1_ ZO €>|)N+1+s+t dﬂs(f)‘i‘

B\B

1
/ ’ 11— ‘N+1+s+t - 11— (20, &) [N H1+s+ f(&)dus (),

B\B

so that we finally have

Sertsf2(2) < Seyesf(20) + A'mlyy of(€0) S A+ A'yA

Therefore, to prove (7.6.0.18), it will be enough to show that

wdpiqpt({z € B : Seyr,sf1(2) > bA}) < CDyH 4 (w)y wdpg s pi(B).
(7.6.0.19)
We are going to discuss according to the values of the radius R = max(1 —

20|, Cor) of B = B(zg, R). Let Ej = {Sqis.cf1 > bA} N B.
First case: Cor <1 — |zo].

Then, B = B(zp,1 — |2|). Therefore for all z € B and £ € B, |1 — (z,&)| >

1—|z| > C'(1 —|z|), so that for all z € B,

F©)dus(e 1
Sernahi(2) = [ 1= <<Zv)5>‘|‘N(+R+SH < GamEE | J€dn @),

B B

Then

Ss+t,sf1( ) C” s+t sf(fo) S C”’}/)\.

Hence, if we take 0 < v < 7y = min(+4, 47> C,,) then it remains only to prove the

following case.
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Second case: 1 — |z| < Cor.
Then B = B(z, Cor) and E} C L for L defined in Proposition 7.6.2. In

fact, if z € F}, then z € B and

§)dps(§) 1
bA < Ssprsfi(z |1 —{(z f VNFLFst < (1= [z Vit /f(f)dp,s(g)
B
(C’Or)N+1+s+t
= (1= |z[)NHIFstt m/s+t,sf(fo)
(C’Of,«)N+1+s+t
- (1- |Z|)N+1+s+ﬂ)‘

For o(z) = RZ’,Qﬂ’tw(z)(l - |z|2)_t_%, with &’ € (0,1). By Lemma 7.5.24

we have o € (A so that o € (A .., e—q) because (A C
’ P

p,s+t+%) p,s+t+%>

(Aoo,s-i-t—i-%)'
Given the fact that L’ is a measurable subset of B = B(z',ar), we have by

Proposition 7.6.2 and Lemma 7.2.12

WdNQant(L) < CCTd,LLS_H_’_%(L/)

Bo

HoipyQ=a (L/> _

<o) a0 (B)
<M5+t+Q_q(B) S

s+t+Q 941

< C’Y NFTrer o O'd,u

s+t+ e (B).

As B} isasubset of L ={z € B:1—|z] < C(’)'VN+11+8+t r}, it follows that

sHt4+2a

for g = mﬂ

o we have:
wdngip(E}) < O odpy,,, aa(B). (7.6.0.20)

One shows by Fubini’s theorem that Udﬂs+t+M(B) < CwdpgiptB) with B =
B(2', (2k+1)arK). And by Corollary 7.5.21 we get wdpgpt(B) < CD;’t’q’Q(w)wdp
Then

it gt (F}) = wdpiup({z € B s Syy0ufi(2) > bAY) < CDS 9 (w)yPuadpigy (.
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This ends the proof. O

The following results appear as consequence of Theorem 7.6.3 and Lemma

7.2.14.

Theorem 7.6.4. For Q > q and s+t > —1, ifw € D;’t’q’Q there is a constant

Cs.t.9.0 > 0 such that

/(Ss+t,sf(2))deQ+pt(Z) < Csitq,Q /(ms+t,sf(z))pd#Q+pt(Z)'
B B

Theorem 7.6.5. For s—l—t—l—% >—-land —N—-1<s+t< —1,ifwe D;’t’q’Q

there is a constant Cs 1 4.0 > 0 such that

/B (Sestf(2)Pdigam(2) < Curao / (100 s ()Pl (2).

7.7 Final remark and open question

This part is simply a direct application of the two preceding sections and Remark

7.1.14. Therefore for 1 < p < +00 we have the two following corollaries.

Corollary 7.7.1. Let w be a weight on B. Then for s+t > —1 and q = @Q, the

following assertions are equivalent:
1. P4 is well defined and continuous from LP(wdpg) to LP(wdpg);
2. Tyt s is well defined and continuous from LP(wdpg) to LP(wdptgipt);
3. Sett,s s well defined and continuous from LP(wdpg) to LP(wdpigypt);
o w e (Kytaa),

Corollary 7.7.2. Let w be a weight on B. In the case both s+t + % > —1

and —1 > s+t > —N —1 are hold, and in the case both s+t > —1 and Q > q
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are hold, if w € D349 then P, is well defined and continuous from LP(wdpu
p ; q

to LP(wdpq), so that Ssis s ts well defined and continuous from LP(wdpug) to

L7 (@dpiqam).

In Theorem 7.5.6 and in Theorem 7.5.7 we show that being in (K35*9?) is
a necessary condition for the continuity of P, from LP(wdug) to LP(wdug),
while in Corollary 7.7.2, we have that being in D;’t’q’Q is a sufficient one. When
Q = ¢, we find out that (K;*9%) = D»"%9, so that we have a necessary and
sufficient condition. But when @ > ¢ we have D3*4? C (K35"%9). It will be
interesting in further work to get in that case a necessary and sufficient condition

too.
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